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Abstract

Soft matter systems have length scales ranging from several nanometres
to a few microns and slow time scales due to large sizes. These systems are
termed soft due to their sensitivity to external perturbations as compared to
pure molecular materials. Colloidal dispersion, polymers, membranes and
biological macromolecules are typical soft matter systems. Soft matter systems
in equilibrium have been studied in great details.

These systems can be easily driven out of equilibrium by external perturba-
tions, like shear, temperature gradient, tuning electric and magnetic fields and
applying pressure and so on. The simplest non-equilibrium state of a system
is steady state. This means that there is a time independent current in the
system. Example of typical non-equilibrium steady state phenomenon includes
phase transitions like shear-banding, lane formation, glass and gel formation,
homogeneous and heterogeneous crystal nucleation and cluster formation, tracer
diffusion in polymeric membrane under external force.

Soft matter systems show steady state structures by forming aggregates, like
ordering micron-sized objects in low-Reynolds number flows, aggregation of
active matters where the particle motion is aided by energy sources, polymeric
systems, colloidal aggregation in toggling magnetic field, electric field, periodic
forcing, chemical reaction fuels and thermal gradients and so on. Manipulation of
these type of systems under non-equilibrium steady state condition is relevant in
a variety of technological applications, like separation of components in organic
solvents, sensors, trapping of bio molecules, micro-fluidic applications and
colloidal confinement to name a few.

In the thesis, we have investigated a couple of classes of soft matter sys-
tems in non-equilibrium situation: (1) Steady state behaviour of systems with
temperature sensitive interactions in the presence of temperature gradient. (2)
Motion of particles driven through a polymeric network. These systems in
non-equilibrium situations may be helpful for various technological purposes.
We observe long-ranged crystalline order in cold region in thermo-sensitive
ligand capped noble metal nanoparticles in presence of temperature difference.
The aggregated order particles may be useful for sensory applications. We
also study thermo responsive colloids which show change in diameter with
temperature. We observe long-range order in hot region as well as in cold region
in presence of temperature gradient in this system beyond a certain diameter
ratio. It can be helpful in designing structures at high temperature. In other
class of problem, we explore different parameters of polymer network to reduce
respiratory droplet permeation through a facemask. We observe that the efficiency



of the facemask depends on composition of polymer, interaction strength of
tracer and the network, the polymeric network rigidity and the thickness of the
confinement. Our results may be helpful in designing breathable facemask with
better efficiency. Finally, we study a model system to control binary mixture
separation through membrane using reverse osmosis technique. We observe
performance of RO membrane in terms of permeation, solute rejection, fouling
can be controlled with changing relative interaction of membrane material with
mixture. Our results may be useful for designing reverse osmosis membrane
with better permeation, selectivity and less fouling for longer use.
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1 Introduction

Soft matter systems have length scales ranging from several nanometres to
a few microns and slow time scales due to large sizes.1 These systems

are termed soft due to their sensitivity to external perturbations as compared
to pure molecular materials. Colloidal dispersion, polymers, membranes and
biological macromolecules are typical soft matter systems. Soft matter systems
in equilibrium have been studied in great details.

These systems can be easily driven out of equilibrium by external perturba-
tions, like shear, temperature gradient, tuning electric and magnetic fields and
applying pressure and so on. The simplest non-equilibrium state of a system
is steady state. This means that there is a time independent current in the
system. Example of typical non-equilibrium steady state phenomenon includes
phase transitions like shear-banding, lane formation,2 glass and gel formation,
homogeneous and heterogeneous crystal nucleation and cluster formation, tracer
diffusion in polymeric membrane3 under external force.

Soft matter systems show steady state structures4–7 by forming aggregates,
like ordering micron-sized objects in low-Reynolds number flows,8 aggregation
of active matters where the particle motion is aided by energy sources,9–13

polymeric systems14 , colloidal aggregation in toggling magnetic field,15 electric
field,2, 16, 17 periodic forcing,18 chemical reaction fuels19, 20 and thermal gradients21

and so on. Manipulation of these type of systems under non-equilibrium steady
state conditions8–10, 15, 18–21 is relevant in a variety of technological applications,
like separation of components in organic solvents,22 sensors,21 trapping of bio
molecules,23 micro-fluidic applications and colloidal confinement24 to name a few.

In the thesis, we have investigated a couple of classes of soft matter systems in
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1.1. Ordering in suspension of thermally driven ligand capped noble metal

nanoparticles

non-equilibrium situation: (1) Steady state structures in systems with temperature
sensitive interactions in the presence of temperature gradient. (2) Motion of
particles driven through a polymeric network. These systems in non-equilibrium
situations may be helpful for various technological purposes. We observe long-
ranged crystalline order in cold region in thermo-sensitive ligand capped noble
metal nanoparticles in presence of temperature difference. The aggregated
order particles may be useful for sensory applications. We also study thermo
responsive colloids which show change in diameter with temperature. We
observe long-ranged order in hot region as well as in cold region in presence of
temperature gradient in this system beyond a certain diameter ratio. It can be
helpful in designing structures at high temperature. In other class of problem, we
explore different parameters of polymer network to reduce respiratory droplet
permeation through a facemask. We observe that the efficiency of the facemask
depends on composition of polymer, interaction strength of tracer and the
network, the polymeric network rigidity and the thickness of the confinement.
Our results may be helpful in designing breathable facemask with better efficiency.
Finally, we study a model system to control binary mixture separation through
membrane using reverse osmosis technique. We observe performance of RO
membrane in terms of permeation, solute rejection, fouling can be controlled with
changing relative interaction of membrane material with mixture. Our results
may be useful for designing reverse osmosis membrane with better permeation,
selectivity and less fouling for longer use.

We describe the main findings of our work below in the following order. In
section 1.1, we describe the steady state structure of a fluid with temperature
sensitive interaction in temperature difference. In section 1.2 we study a model
where temperature sensitivity of interaction is taken through change in diameter.
Section 1.3 describes our investigations on a model FM where respiratory droplets
movement takes place through polymeric network in presence of external driving.
Section 1.4 depicts our findings on Reverse Osmosis of binary mixture through
a polymeric membrane.

1.1 Ordering in suspension of thermally driven lig-

and capped noble metal nanoparticles

Soret effect or thermophoresis is particle movement in presence of temperature
gradient.25–28 It has been widely studied in the past29–31 in micron-sized colloids
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1. Introduction 3

and nano-meter sized particles.25, 32–36 Recent experimental studies21 show for-
mation of large clusters with very high mono-dispersity index in cold region
in an aqueous solution of noble metal (gold and silver) nanoparticles capped
by citrate ligand in presence of temperature gradient. The large aggregated
cluster act as a platform for Surface Enhanced Raman Scattering (SERS) to detect
chemical species of a part in billion, leading to real-time, rapid, reliable and
ultra-sensitive detection of discrete molecules from the solid-vapor and liquid-
vapor interface. Further, the surface zeta potential of the metal nanoparticles
fall in the cold region, suggesting decrease in the electrostatic repulsion due to
decrease in temperature. Particle aggregation here21 is driven by non-equilibrium
situation in presence of temperature difference in the system and temperature
sensitive interparticle interaction.

We study the model thermo-senstive particles in the presence of temperature
difference defined as x axis. We show a schematic of our system in Fig. 1.1.
The system is in equilibrium at hot temperature TH(= 373K)(Fig. 1.1(a)). Then
we create cold temperature Tc(= 273K) regions as Fig. 1.1(b). The temperature
sensitive interaction parameters are introduced as follows: The zeta potential
indicates presence of surface charges over the particles screened by counter-
charges. These particles interact with each other by screened electrostatic re-
pulsion. As temperature is lowered, larger number of ligands are stabilized
over the nanoparticle surface which screen the surface charges more efficiently
decreasing the electrostatic repulsion as observed from zeta potential fall in
experiment.21 The electrostatic repulsion between two particles at separation
r is modelled through standard Derjaguin–Landau–Verwey–Overbeek (DLVO)
potential VR(r) = V0

e−κr

r
.37 Here V0 is prefactor of repulsion and κ is the inverse

screening length. V0 and κ both depend on temperature through the dependence
on zeta potential. On the other hand, the ligands themselves are hydrophobic.
The hydrophobic species are known to attract each other.38 The hydrophobic
attraction mediated between the ligand coated surfaces is modelled through a
harmonic potential VA(r) = α(r − 1)2.38 The strength α is proportional to the
number of ligands bind to the surface which is large at lower temperature. The
changes in electrostatic repulsion and in hydrophobicity mediated attraction
with temperature are accounted for parametrically through the V0, κ, α. The
particle positions are updated with the periodic boundary conditions(PBC) in
three directions using the Brownian Dynamics(BD) algorithm where interaction
forces and the noise are taken as per the local temperature.

After creating temperature difference we observe that the density in cold

3



4 1.2. Long ranged order by thermoresponsive particles in hot region

Figure 1.1: (a) The system is equilibrated at hot temperature TH . (b) We cool two ends
at TC . The middle region remains at hot TH . The black particles are at hot region and
grey particles are at cold region. (The z-axis not shown is pointing into the page for
panel(a-b)).

region increases with time and that decreases with time in hot region which
is also evident from the schematic in Fig. 1.1(b). The increased density and
slower diffusion lead to long-range order formation in the cold region. Using the
Unsupervised Machine Learning(UML) algorithm we find the presence of two
clusters of different structures as revealed through the bond order parameters
q̄l. We find that the cold region has predominantly body centered cubic(BCC)
structure at steady state coexisting with liquid phase39 from bond order pa-
rameters q̄4 and q̄6. The kinetics of structural growth in the cold regions is
extracted through the crystal fraction θc, the ratio of solid like particles and
number of particles present at a given time in the cold region. We observe that
the crystallization takes place in a two step manner from an initial slow to rapid
crystal formation and finally to saturation.

Our observation of long-ranged order formation may pave way for micro-
scopic understanding of long-range order formation of temperature dependent
interaction in temperature difference. The presence of the long-ranged order in
our system suggests that the surface area may be macroscopic and thus, useful
for sensory applications.

1.2 Long ranged order by thermoresponsive particles

in hot region

We also study thermoresponsive particles with temperature dependent size. In ex-
periments, temperature dependent sizes are observed in poly-N-isopropylacrylamide
colloidal particles. These thermoresponsive particles are cross-linked microgel
spheres. They can absorb water at room temperature. Their volume decreases by
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releasing water above room temperature. These particles are observed to form
ordered structure in cold region in temperature gradient.40 We investigate order
formation in thermoresponsive hydrogel where particle volume is sensitive to
temperature creating temperature gradient. We treat thermoresponsive hydrogel
as Lennard-Jones(LJ) (4ε[(σ

r
)12− (σ

r
)6) fluid whose diameter is sensitive to temper-

ature, σC in cold temperature TC and σH at hot temperature TH , where σC > σH .
We perform the Molecular Dynamics(MD) simulations on the particles with the
PBC in three directions of the box. Here we equilibrate the system at a higher
temperature kBTH

ε
= 1.2(in LJ unit) in a liquid state (Fig. 1.2(a)) and then cool

two ends at kBTC
ε

= 1 leaving the middle region at the centre of the box at hot
temperature(Fig. 1.2(b)). The schematic diagram in Fig. 1.2(b) shows that the
diameter increases in cold temperature TC compared to temperature TH .

Figure 1.2: (a) The system is equilbrated at hot temperature TH . (b) We cool two ends at
TC . The middle region remains at hot TH . The black particles are at hot region and grey
particles are at cold region. Grey particles are larger in size than black particles. (The
z-axis not shown is pointing into the page for panel(a-b)).

We vary parameter σ∗ = σc
σH

for a given T ∗ = TH
TC

. We generate steady state
structural diagram in σ∗ - T ∗ plane for a given T ∗(= 1.2). We identify steady
state structure base on based on (q̄4, q̄6) plot. We observe both region remains
liquid for lower value of σ∗. At first the cold region starts to emerge order
formation whereas hot region remains liquid with increasing σ∗ value. Both
hot and cold regions show long-range order for sufficiently large σ∗. This is
shown schematically in Fig. 1.3.

The intriguing phenomenon of crystallization in the hot region can be un-
derstood as follows. We calculate the net flux ∆J at the two interfaces ∆J =
JHC − JCH , (Fig. 1.4) where JHC is flux from hot region to cold region and JCH

is flux from cold region to hot region. We observe that J goes from negative
value to zero and fluctuates around zero. This means that particles movement
from cold region to hot region dominates over that from hot region to cold region
and saturates. As particles diameter increases in cold region, they are pushed
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6 1.2. Long ranged order by thermoresponsive particles in hot region

Figure 1.3: Schematic of steady state diagram in σ∗ − T ∗ plane. Symbols L and S denote
liquid and ordered state respectively. Left side denotes the structure of cold region, right
side for the hot region.

Figure 1.4: Schematic of flux calculation. Arrows in two interfaces denote particle flux
from hot region to cold region JHC and cold region to hot region JCH .

out from the cold region to the hot region due to excluded volume effect. As
a result, the packing fraction increases also in the hot region due to increase in
particle. Packing fraction increases in cold region as well due to large diameter
in spite of reduction of particle number. Increase in packing fraction in both
regions leads to the crystallization in steady state. This is further reflected in
overall pressure P in the system. We observe P suddenly increases in cold region
initially due to large number of particles with large diameter. Subsequently,
P decreases with time as particles pushes out from the cold to hot region and
also due to structural rearrangement. Simultaneously P increases in hot region
due to increases in particle number density. At steady state pressure becomes
flat in both hot and cold regions.

Long-range order in hot region which we observe may also be interesting
in practical scenario for designing ordered materials at high temperature. Our
observation can be observed with more careful experiments in future.
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1.3 Motion of fluid droplets driven through a face

mask

Face mask(FM) has become important in recent times after COVID-19 pandemic
hit the globe. FM prevents spread of airborne diseases by capturing respiratory
droplets emitted by an affected person while speaking, coughing, sneezing.41

These droplets consist of different salts, proteins in small amounts and microor-
ganisms all floating in water. According to the WHO recommendation, FM
should be made up of three layers:42, 43 a polar material like cotton layer inside
towards mouth and hydrophobic material in the middle and the outermost
layers.43, 44 Commercial available N95 FMs with fibres of micrometer range
filter 95% of the micro-droplets through electrostatic capture and mechanical
interception.45 But they show reduction in efficiency due to charge loss.46 Several
studies mainly after post pandemic situation are performed to search for stable
FM performances like tribo-electric generators,44, 47, 48 mixture of fabrics with
different compositions,49 and multiple layers.42 Nano-fibres45 and metal-organic
framework filters50, 51 are also studied. But they show breathing difficulty due
to nano-meter size pores. FMs need to exchange essential molecules between
the human body and the atmosphere so that normal breathing takes place.49 For
comfortable breathing pressure drop inside FM is calculated for different types
of FM materials, which is found to be around 2.5 ± 0.4 Pa.49 Thus, designing a
FM with better stability and breathability is still quite pertinent. Such design can
be facilitated by microscopic understanding of droplet movement inside FM.

Figure 1.5: A model diagram of Polymeric network confined in asymmetric h(black) and
p(grey) wall. Polymer consists of two beads: h-beads are shown in solid black circle and
p-beads are shown in solid grey circle. h-beads prefer h-wall and p-beads prefer p-wall.
Tracer particles (open grey circle) are added close to h-wall. Tracers prefer p-beads and
p-wall. Force on each tracer particle (mimic breathing) is added from h-wall to p-wall.
Force are represented by black arrows from h-wall to p-wall. Force is maximum at z = 0
and zero at z = zP . (The y-axis not shown is pointing into the page).
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8 1.3. Motion of fluid droplets driven through a face mask

Here we model droplet movement through FM under pressure difference as
required for normal breathing. We consider explicitly the middle layer of the
tri-layer FM. Each polymeric strand is composed of randomly distributed two
kinds of beads (h-bead and p-bead) of the same diameter σ (1µm) and mass m in
a given h:p ratio, randomly distributed over the strand. A schematic diagram
is shown in Fig. 1.5. We take the interpenetrating polymer network confined
by asymmetric walls(h-wall at z = 0 and p-wall at z = zP ) favouring h-beads
and p-beads representing the outermost and the innermost layer respectively
following WHO recommendation.43 Then we study tracer permeation from the
air side(h-wall) of the FM towards the side facing the mouth(p-wall) shown
schematically in Fig. 1.5, using the Langevin dynamics simulation. We take
respiratory droplets as tracer colloidal particles(TCP) of LJ type.

Non-bonded interactions between the polymeric beads are taken to be LJ type.
The bonded interactions among the beads are harmonic with rigidity k. The
h-beads are taken to interact mutually more strongly compared to that between
the p-beads to mimic hydrophobic species which are known to collapse38, 52, 53

and ensure strong interpenetration of the network. We choose TCPs to interact
via an energy parameter εtr,tr and interact more favourably with the p-beads
(εtr,p) and the p-wall (εtr,wp) than the h-beads (εtr,h) and the h-wall(εtr,wh). We
exert external force F (z) on TCPs, which is taken to be maximum at h-wall and
linearly vanishes at p-wall to ensure breathing. We study the motion of the TCPs
through the network from h-wall to p-wall. The ratio ε̄ = εtr,p

εtr,h
, k and confinement

length zP are varied in the simulation.
First, we estimate mean pore size of the polymer network from tracer density

profile ρtr(z) along confinement z-direction without external drive. The profile
shows peaks. We identify mean pore size ∼ 2 micrometer where the tracer
density profile is sharply peaked near h-wall. As larger tracer will be stopped
geometrically, our focus is on tracer size slightly smaller than the mean pore size.
We restrict further analysis to droplet size < 2 micrometer. The peak close to
p-wall is permeation P and efficiency of mask is e = 100 − P .

Next we apply driving force along +z direction on the TCPs. We explore
the temperature dependence of P . We observe that tracer permeation is an
activated Arrhenius process54 with tunable barrier. The potential energy barrier
responsible for the activation process increases with tracer size, tracer bead
interaction ε̄, rigidity of network k, and decreases with confinement length
zP , driving force. The efficiency e > 90% of the mask can be achieved by
composition of polymer(h:p ratio = 50:50), interaction strength of tracer and
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1. Introduction 9

the network ε̄ > 3.3, the network rigidity k > 200kBT/σ2 and the thickness of
the confinement zP = 5.5µm.

Our model is sufficiently robust. It may be helpful in designing mask with
better efficiency while retaining normal breath-ability conditions at room tempera-
ture.

1.4 Reverse Osmosis of binary mixture through poly-

meric membrane

We study another application of polymer based membrane which is Reverse
Osmosis(RO) process for separation of components in a solution. A solution is
characterized by the presence of solute of a given concentration. If a solution of
lower solute concentration and that of higher solute concentration is connected
with a semipermeable membrane, solvent from low solute concentration region
flows to that higher solute concentration by the process of osmosis.55 Reverse
osmosis is a pressure driven technique to overcome the natural osmotic pressure
and enable solvent flow from higher to lower solute concentration in steady state
conditions.56 RO membrane separation processes are widely used nowadays
both in industry and household purposes57, 58 like water purification.

The semipermeable membranes are thin film composite(TFC) membranes
which are entangled polymers prepared from Interfacial polymerization pro-
cess,59 widely used in RO process for separation of both polar60 and non polar61

mixtures. Three quantities indicate RO membrane efficiency: Permeation P :
amount of solvent flow from one side to other side, Solute Rejection R: rejection
of solute from solution and Fouling F : amount of solute gather inside membrane
during permeation. Experiments show that changing relative interaction of
membrane matrix57, 60 with solute and solvent changes membrane efficiency
as permeation of solvent, solute rejection and fouling inside the membrane.
Despite atomistically detailed simulation for transport processes,3 it is yet a
challenge to design RO membrane with better permeation, solute rejection and
less fouling. A coarse-grain model addressing solute and solvent transport may
aid designing a better RO membrane.

We study such a coarse-grained model here. In our model the RO membrane
is created as a polymeric network in an asymmetric confinement situation to
the experimental IP process.59 The preparation is very similar as described in
the previous section. We attach two reservoir (LR and RR) on left and right side
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10 1.4. Reverse Osmosis of binary mixture through polymeric membrane

Figure 1.6: Schematic of the simulation cell. The y-axis (not shown) is pointing into the
page. Upper panel: Two reservoirs with S particles (grey) are added in two sides of
membrane. Lower panel: After solvation of membrane L particles(black) are added in
LR.

of the RO membrane(M). Two reflecting walls are placed at two extreme end
of two reservoir. Both reservoirs consist of solvent(S) particles. We solvate M
without applying force as shown Fig. 1.6(upper panel). After equilibration both
LR and RR comes to same density of S. Then we add solute(L) particles (1.8
times larger than S) in the LR removing same number of S particles randomly
from the LR so that total number density of particles (S+L) remain same in
the box(Fig. 1.6, lower panel). The partial density of S becomes lower in LR
compared to RR. There are several interaction in the the system with the strength
parameters as follows: the bead-bead interaction (εα,β), bead-wall interaction
(εα,wh and εα,wp), solvent-solvent interaction (εS,S), solute-solute interaction (εL,L),
solvent-solute interaction (εS,L), solvent h-bead interaction (εS,h), solvent p-bead
interaction (εS,p), solute h-bead interaction (εL,h) and solute p-bead interaction
(εL,p). Then we add external force F (z) along z to study the motion of both S
and L from LR to RR through M.

We study two types of solutions: 1) case of solution particles S,L preferring
the h-beads. 2) case of solution particles S,L preferring the p-beads.

1) case of solution particles S,L preferring h-beads - We increase ε̄L = εL,h
εL,p

,
keeping ε̄L > 1. We measure solvent recovery or permeation P in RR, Solute

10



1. Introduction 11

rejection R in RR when system reaches steady state and fouling F . We observe
that both P and R increase with ε̄L but F also increases. Then, we tune ε̄S = εS,h

εS,p

keeping ε̄S > 1 and ε̄L = 8.71. We observe fouling decreases rapidly beyond
ε̄S = 4 and R and P has a minimum at ε̄S = 4. We also observe that R and P

largely improve for ε̄S ≥ ε̄L. The physical reason behind the observed nature is
following: For sufficiently large relative interaction of solvent and membrane
beads, the membrane gets sufficiently solvated to resist solute particles from
coming from LR to M and subsequently to RR. This improves both R and P .

2) case of solution particles S,L preferring p-beads - Here we restrict to ε̄L < 1
as we increase εL,p. We observe that with decrease in ε̄L we get better P and R

but fouling F also increase with decrease in ε̄L. To reduce F with keeping P and
R at large limit, we tune ε̄S where ε̄S < 1 keeping ε̄L = 0.114. We observe fouling
decreases with decrease in ε̄S and P and R improve for ε̄S ≤ ε̄L.

We relate our results to realistic situations. Here solution preferring h-beads
can be thought as a nonpolar solution. Our model shows that interaction of
nonpolar beads of membrane should interact sufficiently with solvent and solute.
On top of that, the interaction with the nonpolar solvent needs to be at least
as strong as that of non-polar solute. Similar observations are observed for the
polar solution where solution prefers p-beads. Our model could be helpful to
choose appropriate material for RO given the solution. It could be a guiding
principle for better performance of RO operation.

The organisation of the thesis is as follows: In chapter 2 we discuss detailed
results of long-range formation of ligand capped nanoparticles in the cold region
in presence of temperature difference. Long range formation in hot region using
thermoresponsive particles and steady state structural diagram are described
in details in chapter 3. Driven trace movement in confined polymeric network
is studied in chapter 4. Chapter 5 includes detailed study of binary mixture
separation through polymeric membrane using RO technique.

11
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2
Ordering in suspension of
thermally driven ligand capped
noble metal nanoparticles

*

2.1 Introduction

Manipulation of macro-molecules under non-equilibrium conditions8–10, 15, 18–21

is relevant in a various technological applications, like sensors,21 sepa-
ration of components in organic solvents,22 trapping of bio molecules,23 micro-
fluidic applications and colloidal confinement24 to name a few. Often macro-
molecular migration is accompanied by forming aggregates and emergence of
ordered structure,4–7 like ordering micron-sized objects in low-Reynolds number
flows,8 aggregation of active matters where the particle motion is aided by energy
sources,9–13 polymeric systems14 , colloidal aggregation in toggling magnetic
field,15 electric field,2, 16, 17 periodic forcing,18 chemical reaction fuels,1920 and
thermal gradients21 and so on. However, large scale structure formation and
phase transitions in driven systems which are away from equilibrium is yet
poorly understood.

Creation of temperature gradient is one way to create non-equilibrium situ-
ation in a system. Particle migration under temperature gradient, also known
as thermophoresis25 or the Soret effect,26–28 has been extensively studied in the
past29–31 in micron-sized colloids and nano-meter sized particles.25, 32–36 Theoret-
ical studies often consider simple Lennard Jones (LJ) systems62 in temperature

*based on publication "A long-range order in a thermally driven system with temperature-
dependent interaction". Rahul Karmakar, Jaydeb Chakrabarti; Soft Matter, 2022, 18, 867; DOI:
10.1039/d1sm01379c.
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gradients. Some of the recent studies report the time evolution of the temperature
and density fields to reach steady states in binary LJ mixture with different mass
or strength (or both) in thermal gradient63–65 including thermal diffusion coeffi-
cients (or the Soret coefficient), thermal conductivity and shear viscosity. Recently
phase-space distribution functions in the non-equilibrium steady states under
a constant thermal gradient are studied by theoretical analysis and supported
by non-equilibrium molecular dynamics simulations on LJ systems.66

Recent experimental studies21 show formation of large clusters with very high
mono-dispersity index (∼ 0.8) in cold region in an aqueous solution of noble
metal (gold and silver) nanoparticles capped by citrate ligand in presence of
temperature difference. The surface of the highly mono-disperse large clusters of
citrate capped noble metal nanoparticles acts as a platform for Surface Enhanced
Raman Scattering (SERS) to detect chemical species of a part in billion, leading
to real-time, rapid, reliable and ultra-sensitive detection of discrete molecules
from the solid-vapor and liquid-vapor interface.21 The experiments suggest that
the interaction between the citrate capped noble metal nanoparticles is far more
complicated than simple LJ fluids. More importantly, the surface zeta potential
of the metal nanoparticles fall in the cold region, suggesting decrease in the
electrostatic repulsion due to decrease in temperature. Temperature sensitive
interaction is shown by other macro-molecular systems as well.40, 67 Particle
aggregation in these systems is encountered in a non-equilibrium situation in
presence of thermal drive and temperature sensitive particle interaction due
to temperature difference and is qualitatively different from the aggregation
state of ligand capped nanoparticles in equilibrium by changing parameters,
like ligand coating and solvent conditions.68

The SERS from a Raman sensitive surface depends on the roughness of
the exposed surface,69 where the structure and stability of the large clusters
are important. However, no microscopic understanding behind the stability
of the particle aggregation and their structural aspects are attempted in the
experiments on citrate capped noble metal nanoparticles in aqueous solution in
presence of temperature difference in Ref.21 Here we attempt to understand
the particle aggregation in this system microscopically. We model particle
interaction in terms of potential of mean force (PMF)67 where the parameters
of the interaction are sensitive to temperature. The zeta potential indicates
presence of surface charges over the particles. These particles interact with each
other by screened electrostatic repulsion. As temperature is lowered, larger
number ligands are stabilized over the nanoparticle surface which screen the

13



14 2.2. Model potential

surface charges more efficiently. This decreases the electrostatic repulsion. The
ligands themselves are hydrophobic. Therefore, the hydrophobic attraction
mediated between the ligand coated surfaces increases at lower temperature.
Equilibrium aggregation, as balance of competing hydrophobicity mediated
attraction and electrostatic repulsion, has been studied previously.70 Here we
focus on the competing interactions in non-equilibrium steady state condition
driven by temperature difference.

We study the system using the Brownian dynamics (BD) simulations71 in a
box with the periodic boundary conditions in three directions. We equilibrate
the system at hot temperature and then cool two ends leaving the middle region
at the centre of box at hot temperature, as shown schematically in Fig. 2.1(a).
We consider temperature dependence of the solvent viscosity γ in addition to
the PMF. Hence, the noise used in the BD simulations has different variances
in the hot and cold regions. We ignore hydrodynamic interactions which is a
reasonable approximation for small volume fractions. After the steady state is
reached, we characterize the order in the system by bond order parameter72, 73

and crystal fraction. We observe that the hot region is in the liquid state, while
the cold region shows growth of crystalline order.

2.2 Model potential

The systematic forces arise due to electrostatic repulsion and hydrophobicity
mediated attraction both of which are temperature dependent. We use the
Derjaguin–Landau–Verwey–Overbeek (DLVO) repulsive electrostatic potential
between a pair of ligand coated metal nanoparticles i and j at separation r(=
|~ri − ~rj|) with the form:

VR(r) = V0
e−κr

r
. (2.1)

Here V0 is the pre-factor of the repulsion given by Z2e2eκσ

εσ(1+κσ
2 )2 where ε is dielectric

constant of the medium, Ze the effective surface charge on the nanoparticle. κ
is the inverse Debye screening length given by,

κ2 = 4πe2

εkBT
npZe (2.2)

np being density of nanoparticle in absence of salt in the solution. While taking
the cross interactions between two particles at different temperatures, we take

14
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mean Debye screening length in the pre-factor V0 and the smaller of the two
Debye screening lengths for the damping term.

Temperature dependence of the electrostatic repulsion in Eq. 2.1 is introduced
as follows. Both V0 and κ depend on the surface charge Z which is related to
the surface zeta potential φ0:

2ZλB
σ

= (1 + κσ/2)φ0 (2.3)

for low values of φ0 and η.37 Here λB(= e2

εkBT
) is the Bjerrum length. The

temperature dependence is taken via φ0. We set φ0 = 1.2 and 1.0 for hot and
cold regions respectively as in the experiments.21 Eqs. 2.2 and 2.3 are coupled
equation. Solving them simultaneously for a given φ0, we get κ and Z in our
simulation. We get κσ = 3.0 and Z = 160 in the hot region and κσ = 2.5 and
Z = 106 in the cold region. It may be noted that the dielectric constant both in
the screening length and the pre-factor by virtue of the equation of motion comes
as product with kBT which is independent of temperature. Hence, we do not
consider temperature dependence of the dielectric constant.

Ligands coating on the metal nanoparticle are solvophobic in character. A
solvophobic nanoparticle repels solvent molecules stabilizing solvent depleted
vapour region of radius Λ0 with the nanoparticle at the core, creating a vapour-
liquid interface where the Laplace pressure acts.38 We take 2Λ0/σ ≈ 1.27 observed
for Lennard-Jones systems in a sub-critical liquid.38 When two such solute
particles approach each other to a close distance, the solvent particles get depleted
from the overlapping region due to repulsion of both particles so that the vapour-
liquid interface disappears and the Laplace pressure drops to zero in this region.
This generates imbalance of the Laplace pressure over the particles that leads
to effective attraction as shown in Ref.38 Integrating the Laplace pressure over
the area of the spheres, excluding the overlapping area that depends on s, one
would generate the effective force between the particles. The effective force is
observed to be harmonic in nature for small separation of the particles.38 The
harmonic attraction can be understood from the simple physical picture that
increasing separation between the particles results in admitting more solvent
particles between the solute particles which is not energetically favourable. The
attraction between two large solvophobic solute particles is modelled through
a harmonic potential of spring constant βf , as in Ref.38 :

VA(r) = βf(r − 1)2. (2.4)

15



16 2.2. Model potential

where the surface-to-surface distance (r − 1)[= s] ≤ 2Λ0. β = 8πγs[2Λ0
σ
− 1]

where γs is the surface tension at the liquid-vapour interface and f the fraction
of ligands attached to a nanoparticle surface in solvent. The dependence on f

is introduced to take into account that the ligands bound onto the nanoparticle
surface gives rise to hydrophobicity.

Temperature dependence of different parameters in Eq. 2.4 are taken into
account as follows. The spring constant βf shows temperature dependence. We
use experimental value74, 75 of γs in hot and cold temperature and determine β and
find that β is 1.29 times larger than that in the hot region. f is the number of ligand
molecules bound on nanoparticle, which is dependent on temperature via the
Boltzmann factor exp(−Eb/kBT ), where the binding energy taken as appropriate
for citrate binding to gold nanoparticles, Eb ≈ −11kJ/mol.76 Multiplying both
β and f in corresponding temperature, we get βf to be 50 for hot region and
βf = 300 for cold region. For cross interactions between two particles at different
temperature we take geometric mean of the respective βf .

Figure 2.1: (a) Simulation box after creating temperature difference. −L/4 < x < L/4 is
the hot region TH and rest of the two side are in cold region TC . (b-c) Potential V (r) with
pair particle separation r in hot region and cold region respectively: Vtot(Solid line), VR
(dashed line), VA (dotted line).
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2.3 Simulation details

We perform Brownian dynamics(BD) simulation on N(= 6400) colloidal particles
of diameter σ = (114nm) in an implicit aqueous solvent in a volume (V) of
rectangular parallelepiped box of length Lx =39.5σ and Ly = Lz =18 σ with
the periodic boundary conditions in all three directions at the packing fraction
η = π

6
N
V
σ3 =0.26. The temperatures in the study are as follows: hot region at

temperature TH =373 K and cold region at temperature TC =273K set along x axis.
Each Brownian particle (i) position is updated according to Langevin’s equation77

(see details in Appendix A1) in the over damped limit with white noise:

Γα
d

dt
~ri,α = ~∇i

N∑
j=1

V
(α)
i (rij) + ~Fi,α(t) (2.5)

Eq. 2.5 for ith particle could be discretized as77-

~ri,α(t+ δt) = ~ri,α(t) + 1
Γα

~∇i

N∑
j=1

V
(α)
i (rij)δt+ ~Ri,α(δt) (2.6)

Here α =(hot, H) and (cold, C) denotes the temperature regions in the simulation
box. V (α)

i is total potential for ith particle in the αth region with other particles j
with distance rij = (|~ri − ~rj|), V (α)

i = ∑N
j=1 V

(α)
A (rij) + V

(α)
R (rij). The derivative ~∇i

is calculated with respect to the coordinate of the i-th particle. In our simulations,
e2

εσ
and σ are energy and length units, while τH(= σ2/DH) the time unit. ~Fi,α in Eq.

2.5 is fluctuating force or random white noise chosen from Gaussian distribution
with mean zero and variances 2Dαδt on ith particle of αth type. In Eq. 2.6, ~Ri,α(δt)
is corresponding random displacement due to fluctuating force during time δt.
Here δt is the integration time and Dα the Stokes-Einstein diffusion coefficient,
given by kBTα/Γα at temperature Tα, kB the Boltzmann constant and Γα = 3πηασ
is viscous damping. The temperature dependence of viscosity is given in an
empirical form, 2.761× 10−6exp(1317

T
) Pa.s.78 The discretized equation of motion

is integrated with time step 0.0001τH . All the time dependent quantities are
averaged over five different trajectories.
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18 2.4. Structural Quantities

2.4 Structural Quantities

2.4.1 Pair correlation function

We calculate the probability distribution of separations between different pairs
of particles, also known as the radial distribution function g(r). It gives the
probability of finding an atom around a central atom within a spherical shell
of radius r to r + δr. We measure the minimum image separations rij for all
the pairs of particles and find the histogram of these values with a bin width
δr = 0.179 over the equilibrium/steady state configurations to find g(r). Finally,
average is taken over different independent trajectories.

2.4.2 Bond order parameter

We calculate different structural parameters in the steady state as functions
of time. We take both cold regions for considering data of the cold region.
We construct the distribution of bond orientation order parameter of order
l defined as,73

qlql(i) = 1
Nb(i)

∑
j∈Nb(i)

ql(i).ql(j) (2.7)

where ql(i).ql(j) = ∑m=+l
m=−l( 1

(
∑l

−l |qlm(i)|2)1/2 ) · ( 1
(
∑l

−l |qlm(j)|2)1/2 ) · qlm(i)q∗lm(j). Here

qlm(i) = 1
Nb(i)

∑Nb(i)
j Ylm(θij, φij). Ylm are the spherical harmonics. l is an integer

and m goes from −l to +l. (θij, φij) are orientation of bond between particle i
and and its Nb(i) neighbouring particles (j) within cut off distance up to the first
minimum of the pair correlation function in the hot bulk system with respect
to direction (x-axis) of temperature difference.

We consider solid-like connection c where orientationally ordered particles
(i and j) within cut off distance up to the first minimum of the pair correlation
function in the hot bulk system are connected, if q6(i).q6(j) crosses a threshold
value (=0.5).72 Moreover, if a particle is connected with more than threshold
(=7) number of particles within the cut-off distance, we consider it to be solid-
like particle.72

We also define an average quantity q̄lm(i), defined as follows, to determine
the type of structure.

q̄lm(i) = 1
Ñb(i)

∑
j∈Ñb(i)

qlm(j) (2.8)
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where, sum goes over Ñb(i) which contains all neighbors of particle i within cut
off distance up to the first minimum of the pair correlation function in the hot bulk
system plus the particle i itself. We define global rotational invariant quantity,

q̄l(i) =

√√√√ 4π
2l + 1

+l∑
m=l
|q̄lm(i)|2 (2.9)

We consider l= 4 and 6 in Eqs. 2.8 and 2.9 for each particle in a given configuration
and construct q̄4 − q̄6 scatter plot as reported in the literature.39

2.4.3 Optimum number of structural clusters using the Machine Learning

based auto encoder

We use the unsupervised machine learning (UML) algorithm(see details in
Appendix A2) based on global rotational invariant bond-orientation order pa-
rameters combined with neural-network-based auto-encoders to detect optimum
number of clusters of different structures in the aggregate as in Ref.80 A schematic
diagram of the UML is given in the Fig. 2.11 and detailed description is given
in Appendix A2. We use q̄l(i) as input to train encoder, where we use l=1,..,8.
The main purpose to use auto-encoders is to project higher dimensional input in
lower dimensional layer( called bottleneck) and finally reconstruct the input at
decoder output. We train the network through minimizing MSE(mean square
error) between input and output. Bottle neck captures important features of the
input in low dimension after training. Then, we identify optimum dimension of
bottleneck layer, which comes out c=2 in our case. We find Y1(i), Y2(i) for each
ith particle in the bottleneck layer. Then, we use a probabilistic method called
Gaussian mixture models (GMM)81, 82 to cluster data in this two dimensional
space using scikit-learn.83 In GMM each particle is associated with a particular
cluster in which cluster it shows highest membership percentage.

2.5 Results

At first the system is equilibrated at TH . We subject the system to temperature
difference as depicted in Fig. 2.1(a): hot region for −Lx/4 < x < Lx/4 and cold
regions −Lx/2 < x < −Lx/4 and Lx/4 < x < Lx/2. We show in Figs. 2.1(b) and (c)
the dependence of V (α)

R (r) and V (α)
A (r) for the two temperatures considered in the

simulations. The particles are assumed to take up the local interaction parameters
and the noise as soon as they enter one region from another. We observe V (α)

R (r)
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is dominant for lower r and V
(α)
A (r) dominant for larger r in both region. The

total potential, V (α)(r) = V
(α)
R (r) + V

(α)
A (r) has broad minimum. The minimum

for the hot region is at 2.25 where as it is around 1.8 for the cold region.
Let us first consider the system in equilibrium at TH and TC . We show g(r)

data in Fig. 2.2(a) for both temperatures. The data confirm short-ranged order as
in a liquid structure for both the cases. The first peak in both cases is located at
separation less than the minimum of the interaction potential. We retrieve peaks
of g(r) at the minimum of the potential only at extreme dilute limit. Thus, the
liquid structure in the system is governed by the repulsive interaction.

Figure 2.2: (a) Pair correlation function g(r) over the distance r in the bulk system at hot
temperature TH (dotted black line) and at cold temperature TC(grey line). (b) Density ρ(t)
in cold(solid circle) and hot(open circle) region. Inset: Total Flux J as a function of time.
(c) ρ(x) vs x plot in the steady state.

Next we take the equilibrium liquid structure at TH and create temperature
difference as shown schematically in Fig. 2.1(a). We ensure steady state of
the system from density of particles (〈ρ(t)〉 = 2〈N(t)〉

V
) at time t after creating

temperature difference shown in Fig. 2.2(b) averaging over trajectories. We
observe that the density in cold region increases with time and that decreases
with time in hot region. The density in the cold regions fluctuates around 0.7
and around 0.3 in the hot region after 20τH . The steady state is also confirmed
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from the total flux J (inset, Fig. 2.2(b)), given by the number of particles crossing
the interfaces in a given time interval(=0.03τH)) at the interfaces of hot and cold
region, adding the two fluxes from hot to cold and cold to hot region. The steady
state density profile of the system along the direction of temperature difference
ρ(x) in Fig. 2.2(c) shows the presence of inter-facial layers at the hot-cold junctions,
C1 and C2 in the cold part and there are layers H1 and H2 in the hot part of the
box. The inter-facial width is about 6σ on both sides estimated from the density
profile. The region away from interfaces |x| < 6 and 12.0 < |x| < Lx/2 are defined
as the hot and cold regions respectively over which density profiles are nearly
uniform with values close to the corresponding bulk cases.

2.5.1 Structural changes

We observe structural changes in the system with progress in time. The snapshots
for the system(half of the box from 0 < x < Lx/2.) are shown in Fig. 2.3(a-b) for
two different times (lower time, 6τH and higher time, 540τH). We observe that the
particles in the cold region gets ordered at higher time. To characterize this we
use spherical harmonics of l = 6 order which distinguishes between liquid and
crystal structure.39, 73 So, we concentrate on the bond orientation order parameter
for l = 6 in the hot and cold regions using Eq. 2.7. We construct histogram P (q6q6)
of q6q6(i) values for the particles in both hot and cold region. Fig. 2.4(a) shows the
distributions for three different times. We find that in equilibrium at TH , P (q6q6)
has peak around 0.3, which is indicative of disordered liquid phase,73 consistent
with the data in Fig.2(a). We observe that in the hot region (inset, Fig. 2.4(a))
the peak of P (q6q6) shifts to slightly lower value, compared to the equilibrium
one. The curves do not change much with time. Consequently, P (q6q6) in cold
regions shows time dependence. The distribution has peak around 0.1 at time
6 τH in Fig. 2.4(a) indicating liquid phase in colder region. At t = 54τH , P (q6q6)
shows two peaks, around 0.1 and 0.8, suggesting coexisting liquid and crystal
orders. At very large time(540 τH) P (q6q6) is sharply peaked at 0.9,73 suggesting
crystal order, with a long tail extended to lower q6q6.

2.5.2 Growth kinetics

We show histogram of number of solid like connections per particle c as men-
tioned in the method, P (c) in the cold regions computed over different trajectories
with increasing time in Fig.2.4(b). We observe that at t=6τH , P (c) is peaked at
2. P (c) at t=54 τH shows two peaks, one around c = 2 and another a flat peak
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Figure 2.3: Snapshots of steady state configurations of half of the box (0 < x < Lx/2,)
for two different times. Blue particles have interaction parameters corresponding to hot
temperature TH and red particles have parameters corresponding to cold temperature
Tc. Panel (a) is shown for lower time (6τH ) configuration (b) higher time (540τH )
configuration. We observe ordering of red particles in the cold region at large time.

around c = 10. At t=540τH , P(c) is sharply peaked around c = 12. Thus, the cold
region has liquid like particles at low time. Solid like particles grow with time
and coexist with liquid like particles. Eventually the particles are predominantly
solid like for large enough time. We observe, on the other hand, in hot region
(inset Fig. 2.4(b)) P(c) is peaked around 2 for all the time indicating that the
hot region remains liquid like for all time.

The kinetics of structural growth in the cold regions is extracted through the
crystal fraction θc, the ratio of solid like particles and number of particles present
at a given time in the cold region and averaged over different independent
trajectories. Bulk crystallization is described by the Avrami equation θc = 1 −
exp(−ktn),84 where θc is transformed fraction of crystal at time t. Here, k the
bulk crystallization rate constant, and n the Avrami exponent that depends on
geometric factors, like shape of the particles and geometry of the crystal growth.
We plot ln 〈Q〉 = ln(−(ln (1− 〈θc〉))) versus ln t in Fig. 2.4 (c). We find three
regimes of time dependence: (1) fitted with exponent n=0.82 and k=6.13 up
to 18τH ; (2) then fitted with n =4.2 and k=17.79 up to 90τH ; and (3) finally
to saturation. Such exponent is consistent with polyhedral growth in three
dimensions.85, 86 The observation shows crystallization takes place in a two step
manner from an initial slow to rapid crystal formation. The reason for two step
nature is following: at first very few particles start to form solid like, formation
of crystal nucleus is a slow event. Once critical crystal nucleus is formed, the
crystallization spreads very first which reflects in the Avrami exponent.

We also examine growth of bond order in the cold regions. We construct to
this end the spatial correlation of bond order parameter, φ6(r) = 〈 q6q6(r)q6q6(0)

g(r) 〉
where g(r) is the pair correlation function, and average taken over different
trajectories at a certain time. In crystal, the correlation is long-ranged, whereas
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Figure 2.4: (a) P (q6q6) distribution at Equilibrium(solid line), t = 6τH (dashed line),54τH
(dotted line), 540τH (mixture of dashed and dotted line) after creating temperature
difference in cold region (same for hot region inset picture). (b) P(c) vs c for different
time t = 6τH (dashed line),54τH (solid line), 540τH (dotted line) for cold region and hot
region(inset). (c) ln〈Q〉 vs t plot. Open triangles show lower time. solid circles denote
middle time values while open circles show saturated portion. The dashed line is the
fitted result. (d) lnφ6(r) as a function of r at t = 6τH (close square). The solid line is guide
to the eyes. Inset: Log-log plot of φ6(r) vs r at 54τH (dotted line with open triangle), while
the solid line shows algebraic fitting. Similar data at 540 τH (dotted line and open circle),
along with algebraic fitting shown by the solid curve. (e) lnφP versus ln t plot, where
open triangle shows lower time, solid circle middle time and open circle for saturated
results at higher time. The dotted line and the solid line show fitted lines in lower and
middle time portion respectively. (f) MSD in cold region in plane yz (grey line) and MSD
in plane yz (inside the interfacial plane (C1 and C2))(black line).

this decays exponentially to zero with r in a liquid.87 The semi-log plots in Fig.
2.4(d) show that correlation for low time 6τH decays to zero exponentially with r
after peak at r = 1.0. However, at larger times the data fit better to an algebraic
dependence on r for larger r, as shown in Fig.2.4(d)(inset) from the log-log plot.
At t = 54τH , (open triangle) the exponent of algebraic decay is -0.23(shown with
deep line). The algebraic long-ranged order at t = 54τH is consistent with liquid-
solid coexistence in Fig. 2.4(d).88 The exponent at 540τH (open circle) is -0.03,
indicating a long-ranged orientational order as in crystal phase. The log-log plot
of first peak φP of φ6(r) at r = 1.0 for different times is shown in Fig. 2.4(e). We
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observe three regimes of time dependence: (1) fitted with exponent 0.1 up to 18τH ;
(2) then with exponent 2.14 up to 90τH ; and (3) finally saturation in time. The
time span of these regimes suggests that the three regions correspond to three
distinct spatial correlations in bond orientational order in the system, namely,
liquid, liquid-crystal phase-coexistence and crystal.

We characterize the single particle motion in the cold region in terms of mean
squared displacement (MSD) of the particles(Fig. 2.4(f)) in the plane parallel
to the interface defined as, 〈r2

⊥〉 = 〈( ~r⊥(t) − ~r⊥(0))2〉 where ~r⊥(t) = y(t), z(t),
ensuring that both ~r(t) and ~r(0) belong to the cold region. Here average is taken
over initial position and the Brownian trajectories in steady states. We divide
the in-plane MSD in two parts: 1) In the cold region away from the interfaces
where the MSD does not show appreciable time dependence, consistent with
crystallization. 2) MSD in the inter-facial planes (C1 and C2) where we observe
that the MSD increases linearly in time at large times, indicating that the particles
are diffusive in the interface.

2.5.3 Characterization of ordered phase in cold region

We perform machine learning calculations to find optimum number of clusters
of different structure in the system in different regions. We train our network
with q̄l(l=1,..,8) values, as input for the network for large time (540τH) in the cold
region. Y1 and Y2 are lower dimension bottleneck layer. We find two optimal
clusters in lower dimension projection in Fig. 2.5(a), cluster1 shown in black
and cluster 2 shown in grey. Thus, the system has two types of structures at
large time in the cold region. On the other hand, the hot region shows only one
cluster. We construct the scatter plot in l = 4, 6 plane using rotational invariant
defined with Eqs. 2.8 and 2.9 to identify structures of the clusters in Fig. 2.5(a).
Following the reports in literature,39 we find in Fig. 2.5(b) that the cold region has
predominantly BCC structure (cluster 1, Fig. 2.5(a)) at time 540τH with a long tail
along smaller values of q̄4 and q̄6, indicating liquid region (cluster 2, Fig.2.5(a)).
We find in Fig. 2.5(c) hot region has liquid like structure at large time.

The in-plane (yz) density contours of the inter-facial layers C1 and C2 in Fig.
2.2(c) exhibit disordered liquid phase at time 6τH (data not shown). The density
contour plot at 540τH , however, shows regions of square symmetry with different
orientations in Fig. 2.5(d). The mean 〈q6q6〉 for all in cold region and interfacial
region are plotted with time in Fig. 2.5(e). We observe the growth of order in the
interface takes almost similar time (≈ 60τH) as that in the cold region. We observe
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Figure 2.5: (a) Machine Learning lower dimensional (Y1 − Y2) plot for large time, cluster
1(black). cluster 2 (grey). (b) Scatter plot in q̄4 − q̄6 plane at large time in cold region,
those cluster 1 (black) and cluster 2(grey) particles as in (a). (c) Scatter plot in q̄4 − q̄6
plane at large time in hot region. (d) Density contour plots in interfacial plane C1 in
the cold region at t=540 τH (with colour bar on left). (e) 〈q6q6〉 versus time in cold
region(close circle) and interfacial region(open circle). (f) g(r) in bulk with temperature
TC , densityρ(= 0.8) and interaction parameters as in the cold region (black line) and in
system with interface in steady state cold region(grey line). Inset: Scatter plot in q̄4 − q̄6
plane for the bulk simulations.

〈q6q6〉 in cold region saturates at 0.9 at large time, whereas it saturates around 0.6
at interface, denoting partial ordering compared to the cold region. This partial
ordering in the inter-facial region is due to the proximity to the hot region.

We find from density profile in Fig. 2.2(c) that the density of the cold region
is 0.8. We simulate a bulk system with ρ(= 0.8) and temperature, interaction
parameters and viscosity same as in the cold region without any temperature
difference. Here, also we observe long-ranged order through g(r) in Fig. 2.5(f),
quite comparable to g(r) in the steady state cold region(grey line). However, here
we find coexistence of BCC and Hexagonal close packed(HCP) in orientational
order, as revealed by the q̄4 − q̄6 scatter plot in inset, Fig. 2.5(f).39
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Figure 2.6: Data for the system where we keep interaction parameters same in both region
as for cold temperature but maintain different temperature in different region(case 1): (a)
Density profile ρ(x), (b) Scatter plot in q̄4 − q̄6 plane at large time in cold region(black
dot) and hot region(grey dot). Data for the system where we keep interaction parameters
same in both region as for hot temperature but maintain different temperature in different
region(case 2): (c) Density profile ρ(x), (d) Scatter plot in q̄4 − q̄6 plane at large time in
cold region(black dot) and hot region(grey dot).

2.5.4 Interaction versus kinetic effects

Note that temperature here affects both the particle interaction and kinetics. It
is interesting to check which factor is important in stabilizing the crystal order
in the system. We run to this end several simulations. (1) We keep interaction
parameters the same in both regions as in the cold region but maintain different
temperatures in two regions. The density profile in Fig. 2.6(a) shows hardly any
hot-cold interface with little higher mean densities in cold region compared to
hot region. Liquid order is shown in both region through q̄4 − q̄6 scatter plot
in Fig. 2.6(b). The absence of order for this case in the cold region is due to
less packing in the cold region compared to that in system with temperature
dependent interaction parameters. (2) We keep interaction parameters the same
in both region as in hot region of original system but different temperature in
different region. Here also the observations are qualitatively similar to case (1)
Fig. 2.6(c-d). (3) Further, we take temperature dependent interaction parameters
along with the diffusivities as per the local temperature without considering
explicit temperature dependence of viscosity. In these simulations, we observe
similar crystal order and structure(scatter plot in Fig. 2.7).

We also take a binary mixture of particles with interaction parameters corre-
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Figure 2.7: Scatter plot in q̄4 − q̄6 plane at large time in cold region(black) and hot
region(grey dot) for the system where we take diffusivity as per the local temperature
without considering the temperature dependent viscosity (case 3). The interaction
parameters are temperature dependent.

Figure 2.8: Data for the system with a binary mixture of particles with interaction
parameters corresponding to the hot and cold region in the same ratio as in the steady
state, in equilibrium at temperature TC (case 4): (a) Scatter plot in q̄4 − q̄6 plane at large
time in cold region(black dot) and hot region(grey dot), (b) ln〈Q〉 vs t plot. Data for the
system with a binary mixture of particles with interaction parameters corresponding
to the hot and cold region in the same ratio as in the steady state, in equilibrium at
temperature TH (case 5): (c) Scatter plot in q̄4 − q̄6 plane at large time in cold region(black
dot) and hot region(grey dot).

27
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sponding to the hot and cold region in the same ratio as in the steady state. We
perform equilibrium simulations here at (4) Tc and (5) TH starting from a random
configuration. We observe phase separation between hot and cold particles at
Tc. The q̄4 − q̄6 in Fig. 2.8(a) show BCC order among particles with parameters
of the cold region, but the particles with parameters of the hot region remain
liquid. Unlike the system with temperature difference, Fig. 2.8(b) shows that the
growth of the crystal of cold particles takes place with a single Avrami exponent
n =1.82. This is faster than early growth regime but slower than the intermediate
regime of crystal growth in the system with hot-cold interface. So, temperature
difference plays role in the rate of crystallization. Another notable thing here is
phase separation and crystallization in equilibrium at temperature Tc can take
place anywhere in the simulation box. This is quite different from the system
with hot-cold interface where the region of crystal formation is pre-set. At TH ,
we observe phase separation between hot and cold particles but there is no
order (Fig. 2.8(c) ). The absence of order can be attributed to higher particle
diffusion at higher temperature. Thus, both the interaction and the kinetic effects
via diffusivities governed by the local temperatures are important to set up the
long-ranged order in the cold region of the system.

2.6 Discussions

We bring out a few subtle points:
Finite size effect- First, we note that the inter-facial width is large (∼ 6σ). This

raises the question if finite size effects are important. For a smaller system with
box length 16.75σ and the same particle number density, the density profile (Fig.
2.9(a) shows that the cold and hot region including the interface are formed.
Although the mean densities in the hot and cold regions are similar as for the
larger system size, the density profile shows larger fluctuations in the smaller
system. However, we get similar structurally ordered phase shown by the
q̄4 − q̄6 scatter plot in Fig. 2.9(b). Thus, the long-ranged order formation is
not sensitive to system size.

Molecular Dynamics- Further, in BD simulations in the over-damped limit, we
consider long time dynamics where local steady condition in different regions
(hot and cold) is assumed. This can be relaxed in molecular dynamics (MD)
simulations. We carry out MD simulations for our system where we re-scale
the particle velocities with different temperature coefficients and assign the
interaction parameters, depending on their location at a given instance. Temper-
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ature profile along x direction is smooth as shown in Fig. 2.9(c) unlike abrupt
temperature difference implemented in the BD simulations. We observe similar
structural behaviour of the system as revealed from q̄4 − q̄6 scatter plots in Fig.
2.9(d). Thus, the BD trajectories within local equilibrium assumption lead to
reasonably accurate description of the structural aspects in non-equilibrium cases.

Figure 2.9: (a) Data for the system with lower number(4000) of particles. (a) Density
profile ρ(x). We observe that the density profile shows larger fluctuations compare to
the large system case(main text). (b) Scatter plot in q̄4 − q̄6 plane at large time in cold
region(black dot). (c) Temperature profile T (x) in MD calculation. MD simulation of a
Lennard Jones(LJ) system. (d) Scatter plot of MD simulation in q̄4− q̄6 plane at large time
in cold region. Ordering is similar as the BD calculations. Panel (e) shows temperature
profile along x direction for LJ case. (f) Scatter plot in q̄4 − q̄6 plane at large time in cold
region.

Lennard-Jones system- It may be worth to compare our results to recent simula-
tions on non-equilibrium structure formation driven by different scalar activities
in a system of Lennard-Jones(LJ) particles,11 introduced by keeping particles
in contact with different temperature baths. The model consists of (LJ) fluid
with interaction potential of the form, 4ε[(σ

r
)12 − (σ

r
)6]. Here ε is the strength

of the potential and σ the diameter of the particle. The LJ system undergoes
phase separation of particles according to their activities and crystallization for
large density and the activity difference. This leads us to check if the long-
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ranged order can be achieved by tuning parameters in much simpler Lennard-
Jones(LJ) fluid in temperature gradient with MD simulation. We use temperature
dependent strengths ε, namely, TH = 1.2, TC = 0.7 and εc/εH = 1.5 for hot
and cold region respectively at bulk packing fraction 0.45. Our MD simulation
data show temperature profile along x direction as in Fig. 2.9(e). We observe
crystallization of the cold region of the system from q̄4 − q̄6 scatter plots in Fig.
2.9(f). However, the coexisting phases are HCP, face centred cube(FCC) crystalline
phases and liquid. Thus, long-ranged crystalline order is possible even with
thermophoretic LJ particles, suggesting that the exact form of the potential is not
important to set the long-ranged order. However, the nature of crystal order may
be different depending on the form of interaction. Clearly, the presence of scalar
activity and thermal drive behave qualitatively in a similar way.

We also have studied steady state structural diagram in cold region in LJ
system by changing relative interaction strength ε∗ = εC/εH in hot and cold
particles and also relative temperature T ∗ = TH/TC . We plot steady state
structural diagram in Fig. 2.10 in ε∗ − T ∗ plane. We denote the ordered state
by S and liquid state by L in the diagram both in hot and cold region. We find
hot region is always liquid (L) in steady state condition. The cold region shows
L → S cross-over. For ε∗ = 1, we need large relative temperature difference
to observe long range order formation in the cold region. But if we design
particles such a way where relative interaction strength increases in cold region
compared to the hot region, long range order start to emerge even for smaller
temperature differences.

2.7 Conclusion

We have performed BD simulations in model systems in presence of hot-cold
junctions considering temperature dependence of both the solvent viscosity and
the potential of mean force between the particles. We observe crystalline order in
the cold region where the kinetics of the growth of order in the cold region follows
Avrami equation. The microscopic picture that emerges from our simulations
suggests that the temperature dependent interactions play dominant role in
realizing the long-ranged order in the system, the kinetics being faster in the
presence of the hot-cold temperature junction. Our prediction may be verified by
experiments on colloidal systems where the particle motions can be followed.89

It will be worth to study the steady state phase diagram systematically. It may
be noted that the exposed surface of a system depends on its structural order.
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Figure 2.10: Schematic representation of different Steady state structural phases in cold
and hot region for LJ fluid in ε∗ − T ∗ plane. Symbol L and S denote liquid and ordered
state respectively. Left side denotes the structure of cold region, right side for the hot
region.

The presence of the long-range order in the system suggests that the surface
area may be macroscopic and thus, useful for performing SERS measurements.
Furthermore, we show that the formation of crystalline order holds for a large
class of systems so that the exact form of the interaction potential does not seem
to be important. This observation may help to guide the design of large surfaces
for ultra-sensitive SERS and other surface-dependent applications.
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Appendix

A1. Brownian Dynamics simulation details

Langevin equation describes the Brownian motion of a large and massive
particle in a bath of solvent particles. The bath particles are much smaller and
more numerous than the Brownian particles. The Brownian particles are much
slower in timescale compared to the bath particles. The Brownian particles show
relaxation of the initial velocity of the Brownian particle experiencing frequent
collision with the bath particles. The forces on the Brownian particles consists
of three parts: (1) frictional force proportional to the velocity ~vi(t), in opposite
direction, (2) negative gradient of total potential Vi coming due to other Brownian
particles, and (3) randomly fluctuating force, ~Fi(t), which arises from collisions
with surrounding particles. The random white noise ~Fi(t)is the fluctuating force
with mean zero and variance 〈F k

i (t)F l
j(t′)〉 = 2Dδklδijδ(t − t′) where k, l denote

the cartesian components and D is the Stokes-Einstein diffusion coefficient, given
by kBT/Γ at temperature T . Γ = 3πγσ is viscous damping. The equation of
motion of a Brownian particle of mass m is therefore written as:

d

dt
(m~vi) = −Γvi(i) + ~∇i

N∑
j=1

Vi(rij) + ~Fi(t) (2.10)

If we take single particle neglecting fluctuating force ~Fi Eq. 2.10 reduces to
d
dt

(m~vi) = −Γvi(i). We find that particle velocity relaxes with v(t) = v(0)e−
t
τr ,

where τr = m
Γ is the velocity relaxation time. If Γ is very high(high friction in

solvent) or m→ 0, the relaxation of momentum is instantaneous. We can neglect
( d
dt

(m~vi) → 0 ). In this limit we can arrive at overdamped limit of Langevin
equation, which is also called Brownian Dynamics.

Each Brownian particle (i) position is updated according to discretized equa-
tion77 in the over damped limit with white noise:

Γ d

dt
~ri = ~∇i

N∑
j=1

Vi(rij) + ~Fi(t) (2.11)

For discrete movement in small interval δt, random displacement due to
fluctuating force ~Fi(δt) is incorporated in the equation of motion as:77, 79

~ri(t+ δt) = ~ri(t) + 1
Γ
~∇i

N∑
j=1

Vi(rij)δt+
√

(2Dδt)~G (2.12)
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where, ~G is an independent Gaussian random variable, with zero mean and
unit variance. Vi is total potential for ith particle with other particles j with
distance rij = (|~ri − ~rj|).

A2. Unsupervised machine Learning

We use the unsupervised machine learning (UML) algorithm with neural-network-
based auto-encoders to detect optimum number of clusters of different structure
in the aggregate following Ref.80 An autoencoder is a neural network that is
trained to perform the identity mapping, where the inputs of the network are
reconstructed at the output layer. The network may be viewed as consisting
of two parts: an encoder network, which performs a nonlinear projection of
the input data onto a low-dimensional subspace(called bottle neck layer), and
a decoder network that attempts to reconstruct the input data from the low-
dimensional projection. A schematic diagram of the UML is given in the Fig.
2.11. We use global rotational invariant bond-orientation order parameters
Q(i) = q̄l(i) as input to train network. The dimension of input is here d. The
input is reconstructed at output Q′(i) passing through in between layers with
non linear connection.

The encoder learns a lower dimensional nonlinear projection in bottleneck
layer which maintain salient features of input. Output is approximately recon-
structed from bottleneck layer through decoder. This is done by training over
ensemble of input samples. We have N particles in the system. We average
over 1000 steady state configurations. So our total sample space is Ns = 1000M .
We calculate for each sample Q(i) = q̄l(i). Input dimension d=8 as (l=1,.,8).
By training the autoencoder to perform the input reconstruction task over an
ensemble of training examples, the encoder is forced to learn a low-dimensional
nonlinear projection to bottle neck layer (Y (i)) that preserves the most relevant
features of the data and from which the higher-dimensional inputs can be
approximately reconstructed by the decoder.

Internal architecture- We set the number of nodes in the encoder and decoder
hidden layers to 10d and use a hyperbolic tangent as the activation function,
whereas a linear activation function is used for bottle neck and output layers
as mentioned in the reference.80 The internal parameters of the autoencoder
is taken as follows: weights W ≡ wj and biases B ≡ bk, are initialized with
the normalized initialization i.e., the biases are initialized to zero, while the
weights are drawn from a normal distribution with zero mean and variance
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Figure 2.11: A schematic diagram of neural network based auto encoder used in the
unsupervised machine learning

that depends on the size of the layers. These parameters are optimized by
minimizing the reconstruction error(Mean Square Error(MSE)) of the input data
over a training set of N training examples during the training. MSE is defined
as E = 1

N

∑Ns
i=1 ||Q(i) − Q′(i)||2 + λ

∑M
j=1w

2
j . Ns is the total training sample and

M is total number of weights. We set λ = 10−5. The function is minimized
using minibatch stochastic gradient descent with momentum using Keras open
source software in Python.

Optimum number of bottleneck layer- Important part of the problem lies in the
selection of dimension of bottleneck layer. We vary number of nodes c in the
bottleneck, train the network, calculate MSE for each case. We plot MSE as
a function of bottleneck node number. We obtain optimum node number by
detecting elbow of the curve called L-method proposed by Salvador and Chan.90

The dimension for the lower dimension subspace comes out c=2 for our case.
For each particle i, 8 dimensional input features captures in two dimensional
bottleneck Y1, Y2. Now We able to reduce degrees of freedom from 8Ns to 2Ns

space. We project data from 8Ns to 2Ns using the trained network parameters.
Clustering in bottleneck layer- Now, in this two dimensional projection plane,

we cluster the data using Gaussian mixture models (GMM)83 with Bayesian Infor-
mation Criteria (BIC).81 GMM is a soft clustering method that assumes that each
data are generated from a mixture of a finite number of Gaussian distributions
with unknown parameters. These parameters are optimized iteratively using the
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expectation-maximization (EM) algorithm to create a probability density function
that agrees well with the distribution of the data. The number of Gaussian
components in the mixture, Ng is measured by minimizing the BIC. BIC measures
how well a GMM fits the observed data while penalizing models with many
parameters to prevent overfitting. Each particle i is member to every cluster j
with some membership percentage pij from the output of trained GMM and we
attach each particle to a particular cluster with the highest membership value.
This is done using sckiti-learn in python. Finally, the optimal number of clusters
(< Ng) is found from entropy based clustering.82
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3 Long ranged order by thermore-
sponsive particles in hot region

3.1 Introduction

Here we further explore non-equilibrium structures created by thermore-
sponsive colloidal particles in presence of temperature gradient. In

chapter 2, we develop a model for recent experiments21 on ligand capped metal
nano-particle systems which show formation of large clusters, useful for highly
sensitive Surface enhanced Raman spectroscopy signals, in the cold region. Poly-
N-isopropylacrylamide(PNIPAM) are thermoresponsive colloidal particles form-
ing cross-linked microgel of entangled polymer networks that trap a large amount
of water. These particles show potential applications in drug delivery,91 tissue
engineering, cell culture and photonic crystal.92 The particle diameter increases
due to trapped water at low temperature, while when heated, they release water
resulting in reduced size in temperature window between 270C − 340C.93 This
size change with temperature is reversible in bulk. But, experiments supported
with simulations show hysteresis behaviour when microgel is placed at liquid-
air interface.94 Experiments further show that the size change of the particles
can be tuned by random co-polymerization of PNIPAM with hydrophilic or
hydrophobic species.95 These thermo-responsive particles show ordered structure
in low temperatures.40

In our model study, we subject the colloidal particles with temperature
sensitive sizes under a temperature gradient to uncover structural changes in
the steady state. The model system consists of particles interacting with the
simple Lennard-Jones (LJ) interaction potential, VT (r) = ε[(σT

r
)12 − (σT

r
)6]. Here

ε is the strength of the potential which is independent of temperature. The
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particle diameter σT is temperature dependent. σT = σH at hot temperature and
σT = σC in cold temperature such that σH < σC . We study the model system
using the Langevin dynamics simulations79 in a box with the periodic boundary
conditions in three directions. The only difference from the previous chapter, here
we use underdamped limit of the Langevin equation. So that we can calculate
temperature in the system using equipartition theorem from velocity of particles.
We equilibrate the system at hot temperature and then we cool two ends leaving
the middle region at the centre of box at the hot temperature at which the system
is initially equilibrated as shown in Fig. 3.1(a). We ignore the hydrodynamic
interactions which is a reasonable approximation for small volume fractions. We
study the system for various size ratios of the cold and hot particles at a given
temperature gradient. We characterize the structural order in the system by
bond order parameter72, 73 in the steady state. We observe that with increase in
diameter ratio, at first cold region gets ordered structure but hot region remains
liquid. Beyond a certain size ratio, not only the cold region, but also the hot
regions become ordered due to subtle interplay between packing in different
regions in response to the thermal drift.

3.2 Simulation Details

The particle dynamics are computed via the underdamped Langevin equation
of motion(see details in Appendix A1, chapter 2) of the ith particle with mass
m at position ~ri(t) at time t:

mi
d2~ri,α
dt2

= −ζ d~ri,α
dt
−∇

N∑
j=1

V
(α)
i (rij) + ~fi,α(t) (3.1)

Here α =(hot(H) and cold(C)) denotes the temperature regions in the simulation
box. N is the total number of particles in the system. ζ is the friction coefficient.
We ignore the temperature dependence of ζ in our calculation. This simplified
assumption follows from chapter 2 where it is observed temperature dependence
of viscosity has almost no importance in structure formation in presence of
temperature difference. V (α)

i is total potential energy of the ith particle in the α
region with other particles j at a distance rij(= |~ri − ~rj|). For cross interaction
between two different-sized particles, we use (σH + σC)/2. The components of
~fi,α(t) are the Gaussian white noise with zero mean and variance, 6ζkBTHδ(t

′−t′′)
at hot temperature TH and 6ζkBTCδ(t

′ − t′′) in cold temperature TC . kB is the
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Boltzmann constant. Here ζ = mγ, where γ is the damping term due to friction.
In our simulations, ε strength of LJ potential is the unit of energy, σH the

length unit and τ(=
√

mσ2
H

ε
) the time unit. We set γ = 100. The discretized

equations of motion are integrated with time step 0.001τ . We perform simulation
on N(= 4000) colloidal particles in a volume (V) of rectangular parallelepiped
box of length Lx =57.1 and Ly = Lz =10 with the periodic boundary conditions
in all three directions at the packing fraction η = π

6
N
V
σ3
H =0.36.

At first the system is equilibrated at TH . We create sharp temperature gradient
along x direction. A schematic diagram is given in Fig. 3.1(a). We thermostat
the region (i) −Lx/4 < x < Lx/4 with temperature TH and (ii) regions −Lx/2
< x < −Lx/4 and Lx/4 < x < Lx/2 with temperature TC as depicted in Fig.
3.1(a). The particle diameter changes according to the local thermostat region
as soon as they enter from one region to other. We vary ratio of diameter in
cold and hot particles σ∗ = σC

σH
. All the time dependent quantities are averaged

over three different trajectories. We take both cold regions for considering data
pertaining to the cold region.

Figure 3.1: Schematic diagram of the model system. The diagram shows simulation box
after creating temperature gradient. −L/4 < x < L/4 is the hot region TH and rest of the
two sides are in cold region TC . The small black circles are particles in the hot region.
The grey circles show swollen large size particles in the cold region. The black circles are
particles in hot region. Arrows in two interfaces denote particle flux from hot region to
cold region JHC and cold region to hot region JCH . (The z-axis not shown is pointing
into the page). (b) Pair correleation function g(r) over r in equilibrium at TH . (c) T (x)
versus x plot at steady state after creating temperature gradient.

3.3 Results

We first consider the system in equilibrium at TH = 1.2 and ηeq = 0.36. We
characterize the equilibrium structure by the radial distribution function g(r)(see
details in section 2.4.1, chapter 2). The g(r) data in Fig. 3.1(b) shows short-
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ranged order as in a liquid structure. Next, we create temperature gradient in
the equilibrated system as shown schematically in Fig. 3.1(a) where cold region
is maintained at TC = 1. In our case T ∗ = TH

TC
= 1.2. We take σ∗ = 1.8.

We plot temperature profile T (x)(Fig. 3.1(c) from kinetic energy of the particles
in a bin width of σH along the x direction in steady state. Fig. 3.1(c) indicates
sharp temperature gradient in the system. In presence of sharp temperature
gradient, there are two sharp interfaces in the system. We compute the flux
JHC , given by the number of particles crossing both the interfaces from hot to
cold region in a given time interval (0.2τ ) and the opposite flux JCH as well.
The flux directions are shown by arrows in Fig. 3.1(a). The flux difference,
∆J = JHC − JCH at both interfaces of the system are plotted in Fig. 3.2(a). The
flux increases from negative values and saturates in zero ensuring steady state
around 100τ . The negative value indicates that JCH > JHC . Thus, initially more
particles are pushed out from cold region and accumulate in hot region than
those crossing from the hot to the cold region.

We calculate the time dependent changes in the packing fraction with respect
to the equilibrium condition ηeq, δηH(t) = ηH(t) − ηeq and similar data for the
cold region δηC(t) = ηC(t)− ηeq. Here ηH(t) and ηC(t) are the packing fractions at
time t in the hot and the cold region respectively. We show the data in Fig. 3.2(b).
δηH(t) increases initially and then saturates. On the other hand, δηC decreases
for low times and then saturates. The steady values reach around 100τ .

3.3.1 Structural Changes

We repeat our simulations for different σ∗ keeping T ∗ = 1.2 fixed and initial
equilibrium liquid structure at TH . We characterize the temporal evolution of
the structure in terms of the time dependent distributions of bond orientation
order parameter of order l defined as Ref.73 Spherical harmonics of l = 6 order
distinguishes between liquid and crystal structure.39, 73 So, we concentrate on
the bond orientation order parameter for l = 6 in the cold and hot region using
q6q6 as illustrated in Chapter 2, Eq. 2.7. Next we construct histogram P (q6q6)
of q6q6(i) values for the particles in both cold and hot regions to observe the
structural change at different times, shown in Fig. 3.2(c). We further calculate
the global rotational invariant quantity39for each particle q̄l(i)(Eq 2.8, Chapter
2) and construct the scatter plot in l = 4, 6 plane in both cold and hot region
to determine the type of structure.

We find that in equilibrium at TH , P (q6q6) has peak around 0.3, which is
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Figure 3.2: (a) Flux ∆J = JHC − JCH as a function of time in both interfaces for σ∗ = 1.8.
(b) δηH , δηC versus t for hot region(black) and cold region(grey) for σ∗ = 1.8. (c) P (q6q6)
distribution at Equilibrium(solid line), t = 0.5τ (dashed line),1000τ (grey line), t = 4000τ
(mixture of black dashed and dotted line) after creating temperature gradient in cold
region of σ∗ = 1.2. Inset: P (q6q6) distribution at Equilibrium(solid line), t = 0.5τ (dashed
line),1000τ (grey line), t = 4000τ (mixture of black dashed and dotted line) after creating
temperature gradient in hot region. (d) P (q6q6) distribution at Equilibrium(solid line), t =
0.5τ (dashed line),1000τ (grey line), t = 4000τ (mixture of black dashed and dotted line)
after creating temperature gradient in cold region of σ∗ = 1.6. Inset: P (q6q6) distribution
at Equilibrium(solid line), t = 0.5τ (dashed line),1000τ (grey line), t = 4000τ (mixture
of black dashed and dotted line) after creating temperature gradient in hot region. (e)
P (q6q6) distribution at Equilibrium(solid line), t = 0.5τ (dashed line),250τ (grey line),
t = 4000τ (mixture of black dashed and dotted line) after creating temperature gradient
in cold region of σ∗ = 1.8. Inset: P (q6q6) distribution at Equilibrium(solid line), t = 0.5τ
(dashed line),1000τ (grey line), t = 4000τ (mixture of black dashed and dotted line) after
creating temperature gradient in hot region. (f) 〈q6q6〉 versus time in cold region(black
circle) and hot region(grey circle) for σ∗ = 1.8. The dotted and continuous lines are
guides to the eyes.

indicative of a disordered liquid phase,73 consistent with the data in Fig. 3.1(b).
Let us consider the case of low σ∗(=1.2) in presence of temperature gradient. Here
we observe in inset of Fig. 3.2(c), P (q6q6) in hot region has a peak around 0.3 for
all time shown indicating liquid order. Similarly cold region remains liquid for
all time as shown in Fig. 3.2(c). The structural order changes at σ∗=1.6. Here we
observe cold region has peak around 0.3 at low time 0.5 τ in Fig. 3.2(d). At an
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3. Long ranged order by thermoresponsive particles in hot region 41

intermediate time t = 1000τ , P (q6q6) shows broad peak, suggesting coexisting
liquid and crystal orders. At larger time t = 4000τ , P (q6q6) is sharply peaked at
0.973 as for crystal order, with a long tail extended to low q6q6. On other hands
hot region remains liquid for all times as shown in inset of Fig. 3.2(d). Further
structural changes are observed at a higher σ∗(=1.8). Here P (q6q6) in cold regions
has peak around 0.3 at time 0.5τ in Fig. 3.2(e) indicating liquid order. At t = 250τ ,
P (q6q6) shows broad peak, suggesting coexisting liquid and crystal orders. At
larger times in steady state, as shown in from Fig. 3.2(f), P (q6q6) is sharply peaked
at 0.9 with a long tail extended to low q6q6 indicating crystal order. We observe
similar changes of P (q6q6) in the hot region as well with time in inset of Fig. 3.2(e).
The distribution at time 0.5τ is liquid like. It shows broad peak at time 1000τ .
Finally at steady state it is sharply peaked around 0.85. We show 〈qlql(t)〉 with
average over the simulated trajectories in both regions in Fig. 3.2(f). We observe
that 〈q6q6〉 increases in both regions with time. In cold region it saturates at 0.85
at large time, whereas it saturates around 0.75 in hot region.

We summarize the steady state structural changes in Fig. 3.3(d). We observe
that for σ∗ up to 1.2, both cold and hot region remains liquid in the steady state.
The cold region shows long ranged order along with liquid order in the hot region
at σ∗ = 1.3. Both hot and cold regions show long ranged order after σ∗ = 1.6.
Following the literature reports,39 we find in Fig. 3.3(a) for σ∗ = 1.2 that cold
region is mostly liquid(L) order with very few hexagonal closed pack (HCP)
and face centred cube(FCC) crystalline orders in the steady state. The scenario
changes for large σ∗ = 1.6 as shown in Fig. 3.3(b). Here we observe the cold
region has coexisting liquid(L), HCP and FCC crystalline orders in the steady
state. We find in Fig. 3.3(c) for even higher σ∗ = 1.8 that the hot region has
coexisting liquid(L), HCP and FCC crystalline orders in the steady state. We also
find that the cold region at steady state gets similar coexistence phases as hot
region(data not shown). We calculate percentage of liquid, HCP and FCC orders
(Op) in cold region in the steady state in Fig. 3.3(e). We observe in Fig. 3.3(e)
that for small diameter ratio σ∗ = 1.2, predominant order is liquid in cold region.
The scenario changes at σ∗ = 1.3, the cold region has predominantly HCP order.
The percentage of FCC type ordering increases and that of the HCP ordering
decreases as σ∗ increases more(σ∗ = 1.6, 1.8), whereas the liquid portion remains
constant. In hot region (data not shown) for small σ∗(= 1.2, 1.3) predominant
order is liquid. The scenario remains same for a slightly higher ratio σ∗ = 1.6.
For more larger σ∗(= 1.8), HCP ordering grows in steady state, while coexisting
with small percentage of FCC and liquid orders.
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Figure 3.3: (a) Scatter plot in q̄4 − q̄6 plane at steady state in cold region for σ∗ = 1.2. The
black circles denote FCC structure, grey circles show HCP structure and black triangles
are the liquid structure. (b) Scatter plot in q̄4 − q̄6 plane at steady state in cold region for
σ∗ = 1.6. (c) Scatter plot in q̄4 − q̄6 plane at steady state in hot region for σ∗ = 1.8. The
symbols in panels (b) and (c) are same as in panel (a). (d) Steady state structural diagram
in σ∗ − T ∗ plane. Symbols L and S denote liquid and ordered state respectively. Left
side denotes the structure of cold region, right side for the hot region. (e) Percentage Op
of different order versus σ∗ in cold region. Liquid (circle), HCP(square), FCC(triangle).
The dotted lines are guides to the eyes. (f) Relative Pressure profile δP (x) versus x for
different time at 10τ (grey continuous line), 50τ (grey dotted line) and steady state(black
line).

Physically the emergence of the long ranged order in the hot region in the
steady state condition can be understood from the increase in packing fraction. It
may be noted that the system does not show the long ranged order in equilibrium
at TH . We measure pressure in equilibrium at TH the average pressure, P = 1.2
and that in the steady state Pst = 21.5 for σ∗ = 1.8 and T ∗ = 1.2. Pressure
calculation details are given in Appendix A1. We plot the excess pressure profile
δP (x) = P (x)− Peq(x) along the direction of temperature gradient x(Fig. 3.3(f)).
δP (x) is larger in cold region than the hot region at low time. This is so because
the packing is larger in the cold region than in the hot region at lower time.
Subsequently, δP (x) falls in cold region and simultaneously increases in hot
region. Finally the pressure profile reaches steady state flat value in the whole
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3. Long ranged order by thermoresponsive particles in hot region 43

simulation box. The imbalance in pressure is relaxed as the particles get pushed
out from the cold to the hot region. This is also consistent with the time dependent
changes in the packing fractions. Subsequent increase in packing in the hot region
results in elevated pressure in the hot region till the mechanical pressure balance
is achieved in the steady state. It is evident that high pressure in both the hot and
cold regions in steady state leads to long ranged order in both regions.

3.3.2 Growth kinetics

The kinetics of growth of the ordered structure is extracted through θc, the ratio
of the number of solid like particles to that of the total number of particles
present at a given time and averaged over different independent trajectories. Bulk
crystallization is described by the Avrami equation θc = 1−exp(−ktn),84 where θc
is transformed fraction of crystal at time t. Here, k is the bulk crystallization rate
constant, and n the Avrami exponent that depends on factors, like shape of the
particles and geometry of the crystal growth. We plot ln 〈Q〉 = ln[−(ln (1− 〈θc〉))]
versus ln t for various σ∗. We tabulate the results in Table 3.1 with fitting
parameters exponent n and rate k. First, in Fig. 3.4(a) we compare the kinetics of
the crystal growth of cold region for two cases: (1) σ∗ = 1.3 the cold region first
starts to emerge an ordered structure here, whereas the hot region remains liquid;
and (2) σ∗ = 1.7 both hot and cold region first shows long-ranged order at steady
state. We observe that for both cases, crystal growth is in two-step fashion and
initially slow to rapid growth at a later time. The data are tabulated in Table 3.1.
The exponents are consistent with polyhedral growth in three dimensions85, 86

and similar to observation in chapter 2. The growth exponent increases with
decreasing σ∗ values. This is due to less packing in less σ∗(inset of Fig. 3.4(a)).

Then, we discuss kinetics in hot and cold regions for the case σ∗ = 1.8 where
both cold and hot regions show long ranged order. We find two distinct regimes
of time dependence for both regions before saturation takes place for sufficiently
large times(Fig. 3.4(b)). Thus, the formation of the long ranged order takes place
in a two-step manner from an initial slow to rapid crystal formation for both
regions. The growth is faster in hot region due to less packing as observed
from Fig. 3.2(b).

3.3.3 Robustness of the ordered structures

We check if the long-ranged structures both in the cold and hot region is an
artifacts of the constant volume ensemble that we have simulated. We perform a
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σ∗ Region n at
lower
time

n at
large
time

k at
lower
time

k at
large
time

1.3 Cold 0.32 1.61 3.27 12.51
1.7 Cold 0.19 0.95 2.1 6.21
1.8 Cold 0.07 0.53 1.94 3.33
1.8 Hot 0.56 1.59 4.46 11.5

Table 3.1: Avrami Exponent in different cases

Figure 3.4: (a) ln〈Q〉 versus t plot in the cold region for σ∗ = 1.7(open black circle), σ∗ =
1.3(open black triangle). The fitted lines for σ∗ = 1.7(black dashed line), σ∗ = 1.3(black
continuous line). Inset: δηC versus t for cold region of σ∗ = 1.7(black) and σ∗ = 1.3(grey).
(b) ln〈Q〉 versus t plot for σ∗ = 1.8. Open circle denotes kinetics for cold region. The
dashed line is fitted line in cold region for both lower and larger time. Open triangle
denotes kinetics for hot region. The continuous line is fitted line in hot region for both
lower and larger time.

simulation where we maintain constant pressure(details in Appendix A2) same
as the steady state pressure (P = 21.5) in the system allowing volume of the
box to fluctuate while maintaining the temperature gradient. We follow similar
procedure. At first, equilibrate the system in TH , then create temperature gradient.
Here, we observe the equilibrium configuration is ordered(snapshot shown in
Fig. 3.5(b). We find that steady state structure in cold and hot regions also
shows ordered state as revealed by the q̄4 − q̄6 scatter plot(data not shown).
Thus, the enhancement of pressure in the steady state helps in experiencing
order even in the hot region.

In constant pressure simulation, a difference is observed in kinetics of the long
ranged order formation in steady state from equilibrium ordered configuration.
We observe 〈q6q6〉 over time in both hot and cold regions in Fig. 3.5(a). This
quantity shows the structural change for both hot and cold regions as a function
of time. The lower time change in cold region is shown in inset of Fig. 3.5(a) for
clarity. The initial decrease in q6q6 value indicates that the system becomes disor-
dered at first after creating temperature gradient for both cold and hot regions.
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3. Long ranged order by thermoresponsive particles in hot region 45

Figure 3.5: (a) 〈q6q6〉 versus time in cold region(black circle) and hot region(grey circle)
for σ∗ = 1.8 in constant pressure simulation in temperature gradient with pressure
maintained at P = 21.5. The dotted and continuous lines are guides to the eyes.
Inset: lower time portion of the cold region for better view. Snapshots of steady state
configurations of half of the box (0 < x < Lx/2,) for two different cases. Blue particles
have interaction parameters corresponding to hot temperature TH and red particles have
parameters corresponding to cold temperature TC . Panel (b) is shown for equilibrium
configuration at TH . (c) After creating temperature gradient at time (150τH ). (d) Steady
state configuration. We observe ordering of red and blue particles in the cold and hot
region respectively at large time.

Structural order grows again in both regions with time. We provide snapshots
for better understanding. In Fig. 3.5(b) equilibrium ordered configuration is
shown. After creating temperature gradient the diameter of the particles in cold
region increases as shown in Fig. 3.5(c-d) at t = 150τ and in steady state. The
snapshot in Fig. 3.5(c) at t = 150τ shows disorder. Finally at steady state both
regions regain long ranged order Fig. 3.5(d).

We also study if the finite size effects are important. We simulate a larger
system with box length Lx = 75.5, Ly = 11, Lz = 11 and the same particle number
density with N = 6400 particles. We use the parameter σ∗ = 1.8, T ∗ = 1.2. Here,
we get similar structurally ordered phases in both hot and cold regions shown
by the q̄4 − q̄6 scatter plot in 3.6(a). Thus, the long-ranged order formation in
the hot and cold region is not sensitive to system size.

We use another protocol to change the particle diameter in response to the
local temperature in the system. We estimate that the velocity auto-correlation
function(details in Appendix A3) at TH decay to be ∼ 100 simulation steps(0.1τ ).
We measure temperature profile T (x) from kinetic energy of the particles in a
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46 3.4. Conclusion

Figure 3.6: (a) Scatter plot in q̄4− q̄6 plane at steady state in both cold(black) and hot(grey)
region for σ∗ = 1.8 for larger system size N = 6400. (b) Scatter plot in q̄4 − q̄6 plane
at steady state in both cold(black) and hot(grey) region for σ∗ = 1.5. The temperature
gradient is created with different protocol.

bin width of σH along the x direction and averaged over 100 steps. We change
the diameter linearly with slope σH−σC

TH−TC
as per the temperature profile after every

100 simulation steps. The steady-state structure of both hot and cold regions
are shown in 3.6(b). We observe both the hot and cold region form long ranged
order from σ∗ = 1.5 for T ∗ = 1.2, qualitatively similar to the other protocol of
diameter tuning by the local temperature.

3.4 Conclusion

The most intriguing result that we report here is the formation of crystalline
order even in the hot region in addition to the cold region for sufficiently large σ∗,
although there are differences in the steady state crystalline order and kinetics are
different in the two regions. The order formation is due to an order of magnitude
increase in the steady state pressure. The huge increase in pressure is connected to
the flux of particles due to temperature dependent packing which competes with
the thermal flux. Structural order in extreme pressure conditions is important
in other contexts. One such example is interior of earth, which is in a constant
out-of-equilibrium place where temperature and pressure are very high. The
earth’s core is abundant in crystalline materials like alumina, silica and iron.96–98

Our model illustrates a simple case where high temperature crystallization can
be studied in the laboratory and provide insight into the mechanism of formation
of long-ranged order in extreme conditions in steady state.
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Appendix

A1. Pressure calculation in the system

We further calculate stress tensor per particle for different timesteps. Stress
tensor is defined for i-th particle as following: Sxy,i = −mivx,ivy,i − Wxy,i(i).
m is the mass of the particles. vx,i is the velocity of x direction. Wxy,i is the
virial contribution of the i-th particles coming from all possible interactions,
Wxy,i = 1

2
∑j=N
j=1 (rx,iFy,i + rx,jFy,j). It gives pairwise energy contribution where j

loops over the particles i, rx,i and rx,j are the x component of positions of the 2
atom pair i and j. Fy,i and Fy,j are the y component forces on the 2 atoms i and
j resulting from the pairwise interaction. The formula for total pressure P of a
system in three dimension is P = −

∑
i
(Sxx,i+Syy,i+Szz,i)

3V . V is the volume of the
region. Summation is over all particles in the region and average is taken over
different trajectories. Pressure can also be calculated along a particular direction
for a group of particles. Here we calculate pressure along temperature gradient
direction x, P . We sum over the stress tensor of particles belonging to a strip of
width δx along (x-direction) and divide the number by the volume of the strip.
We take average over steady state configurations.

A2. Constant Pressure Simulation

We use Berendsen barostat isotropic coupling in the system to maintain the
pressure. In each step we measure instantaneous average pressure P in the
whole system and µ(t) = 1 − Kδt

τP
(P ′ − P (t)). Here P ′ is the desired pressure

we want to maintain in the system, K is the isothermal compressibility and
τP is the relaxation time of the barostat. We take K = 1 and τP = 1000δt99

in the calculation. We scale the box length in each direction with µ(t) in each
step. We follow a similar procedure where we equilibrate the system at TH
with P

′ = 21.5, then create a temperature gradient along x direction. In the
temperature gradient set up, thermostating of hot and cold region length is also
scaled with µ(t) as well in each step.
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A3. Velocity Autocorrelation

We calculate velocity autocorrelation at TH . We measure vi(t0) at time t0 and
vi(t0 + ∆t) at t0 + ∆t for ith particle. We measure C(∆t) = 〈vi(t0)vi(t0 + ∆t)〉i,t0
for different ∆t. We take average over different time origins t0 and over different
particles. The velocity autocorrelation time is estimated from the first fall of
correlation to zero.
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4 Motion of fluid droplets driven
through a face mask

*

4.1 Introduction

Using face mask (FM) has been commonplace much beyond the usual
medical purpose,100 since the COVID-19 pandemic. The World Health

Organization (WHO) mandates the use of FM to prevent the spread of COVID-
19.101 By now it is established44, 102, 103 that the SARS-COV-2 virus responsible for
COVID-19 is air-borne, like many other air-borne diseases, namely, tuberculosis,
pneumonia and so forth. FM is the simplest measure to prevent spreading of any
air-borne disease41, 103, 104by intercepting respiratory droplets of micrometer size,
emitted when an affected person talks, sneezes or coughs. Respiratory micro-
droplet propagation through air has been intensively studied.41, 105–108 However,
relatively much less is known about micro-droplet movement through an FM.

FMs are typically made of fabric materials of entangled polymeric networks,102

which allow essential molecules to be exchanged with the atmosphere and
the human body but stop the movement of larger particles.49, 102 There are
several layers in these FMs. The fibre diameter of filtration layer is about a
few micrometers109–112 with volume fraction typically less than 30%.109 They
capture 95% of the micro-droplets. The micro-droplets larger than the mean
pore size are stopped due to geometrical constraints. The smaller micro-droplets
are captured through interception, diffusion, and electrostatic attraction.44, 45, 110

*based on publication "Model studies on motion of respiratory droplets driven through a face
mask". Rahul Karmakar, Aishani Ghosal and Jaydeb Chakrabarti; EPL, 141 (2023) 27001 ; doi:
10.1209/0295-5075/acaf9f

49
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Such capture is the essence of an FM. But they show reduction in efficiency in
humid conditions due to charge loss.46 In search for stable FM performances,
different possibilities are explored which include, for instance, using tribo-electric
generators,44, 47, 48 mixture of fabrics with different compositions,49 and multiple
layers.42 Nano-fibres45 and metal-organic framework filters50, 51 are shown to
be promising route for better FM. However, they are plagued with breathing
difficulty due to pores of nano-meter sizes. Reduction of leakage through FM
is also necessary for better efficiency.113

Given this backdrop, theoretical understanding of various aspects of FM
network to control the efficiency of intercepting micro-droplets would be highly
imperative. A numerical study using the continuum fluid dynamics equations
suggests that the droplet movement is a combined effect of capillary action
and breathing force inside the FM.114 At a more microscopic level, one may
consider the respiratory droplets as colloidal particles moving through a porous
polymeric network structure. Particle movement through a polymer network
has been widely studied115–120 due to its importance in intra-cellular transport,
fluid rheology, materials engineering and so forth. It is reported that polymer
networks are typically viscoelastic and heterogeneous in nature and it affects
tracer movement116 leading to non-Gaussian displacement distribution and sub-
diffusivity.120 It is also observed that the movement can be tuned with different
network properties like network rigidity, binding affinity of tracer with network
and tracer size.115 Higher rigidity and affinity result in slower motion or caging
behavior for tracer movement inside polymer network. Polymer mobility also
affects tracer movement compared to frozen polymer network.120

In case of FM there are a few important aspects: (1) The WHO recommends
that mask should be made up of three layers:42, 43 a polar material like cotton
layer inside towards mouth and hydrophobic material in the middle and the
outermost layers.43, 44, 121 (2) The penetration of the droplet inside the porous mask
also depends on the wettability of the fabric materials by the micro-droplets.122

(3) It is necessary to consider breath-ability, an indicator of resistance to airflow
by the mask while breathing and given in terms of the pressure drop inside the
mask during airflow.49 The average pressure difference in normal breathing
is found to be around 2.5 ± 0.4 Pa.49 We study a model to understand these
aspects at a qualitative level. A schematic of the model is shown in Fig. 4.1. The
FM is modelled in terms of a network of polymeric strands with two different
kinds of beads of micrometer size.109 The beads have low volume fraction so that
there is sufficiently large void spaces (nearly 80%),109 to allow exchange of small
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4. Motion of fluid droplets driven through a face mask 51

molecules easily. One class of beads (h-beads) are taken to mutually interact more
strongly than the other class of beads (p-beads). The h-beads mimic hydrophobic
species those are known to collapse38, 52, 53 and ensure strong interpenetration
of the polymer strands forming network. The network is under asymmetric
confinement, consisting of walls, each of which is having favourable interaction
with a given type of bead. One wall preferentially interacts with h-beads, called
the h-wall at z = 0 and the other one interacts favourably with p-beads denoted as
the p-wall at z = zP . This serves as a model for the three layered model suggested
by WHO.43 Our attention is specifically on the composition of the middle layer.
We treat the micro-droplets as tracer colloidal particles (TCP) smaller than the
typical pore size of the network but slightly bigger than the polymer beads.
The shape and size changes of the droplets are ignored in this simple level of
description. The p-beads interact more strongly with TCPs. This corresponds
to the wettability of the network by the micro-droplets. The TCPs move from
one wall to the other through a heterogeneous media in the presence of pressure
difference needed for breath-ability. The pressure difference is modelled in terms
of a force having maximum value F0 at the h-wall and vanishing at the p-wall.
We choose F0 that creates pressure drop across the walls comparable to the
experimental value49 under a normal breath-ability condition. Our focus is on
the factors which control the capture of the TCP below the natural pore size.

We study the motion of the polymeric beads and the TCPs using the Langevin
dynamics simulations.123 The equation of motion consists of the inertial term,
the interaction forces, the drag force due to medium and drive force only on the
TCPs. In case of polymeric beads, we consider the force arising from the elasticity
but ignore the drive force compared to the elastic force. It may be noted that in
this description, the dispersing medium is not considered explicitly, but taken
in terms of drag force. The volume fraction of the TCPs (∼ 26%) is also low as
that for the polymeric beads(∼ 21%) so that we ignore the hydrodynamic forces
for the beads and TCPs. Let us consider the movement of the TCPs from h-wall
to p-wall. The fraction of tracer particles reaching the p-wall is the permeation
P through the mask, while the efficiency of the mask e = 100 − P . We find
that the permeation of the TCPs is an activated process, the energy landscape
responsible for the activated process being governed by the TCP and p-bead
interaction. Large activation barrier leads to a lower P and hence, larger e. We
study the efficiency of intercepting the TCPs, fixing size, the driving force and the
ambient temperature while varying composition of the polymeric strands, TCP
interaction with the p-beads, network rigidity and confinement size. We find
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that a 50:50 mixture of polymeric beads and stronger TCP and p-bead interaction
give better efficiency. Mask efficiency linearly increases with increasing network
rigidity and with decreasing confinement size. These may be helpful to design
a mask with large efficiency ensuring normal breath-ability condition.

4.2 Model potential

The FM consists of such identical strands. Each polymeric strand is composed
of two kinds of beads of the same diameter σ and mass m in a given h:p ratio,
randomly distributed over the strand. The non-bonded interaction between two
monomers i and j with separation rij is taken through the Lennard-Jones(L-
J) 12-6 potential:

Vαβ(rij) = 4εαβ[( σ
rij

)12 − ( σ
rij

)6], rij < 3σ (4.1)

Here α(= h, p) and β(= h, p) stand for the bead types and rij is separation
between two beads. The bonded interaction corresponding to stretching between
two neighbouring beads at separation rij :

Vbond(rij) = 1
2kb(rij − r0)2 (4.2)

where r0 = 1.5σ is the equilibrium distance between monomers and kb the force
constant. The change in bond angle costs energy:

Vangle(θ) = 1
2kθ(θ − θ0)2 (4.3)

where kθ the force constant and θ = cos−1( ~rij ·~rjk
|~rij ||~rjk|

) is the angle produced by three
consecutive monomers i,j,k and θ0 is equilibrium angle, set to 114 degrees.124 We
consider a rigid network where the elastic deformation of any kind costs a lot
of energy and ignore the distinction between these two elastic constants. Thus,
we take kb = kθ = k to reduce the number of variables.

We place the polymeric system within two walls: The h-wall interacts with
a bead via the L-J 9-3 potential:

Vf,wh(zi) = εf,wh[
2
15( σ

zi
)9 − ( σ

zi
)3] (4.4)

Similarly, p-wall interacts with a bead :
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Vf,wp(zi) = εf,wp[
2
15( σ

zP − zi
)9 − ( σ

zP − zi
)3] (4.5)

Here f = (h, p) stands for the bead type and zi is the z-coordinate of i-th
particle. The σ values for all the interactions are taken to be the same but
εh,wh > εp,wh and εp,wp > εh,wp.

The TCPs interact with each other with strength εtr,tr. The strength are εtr,h
and εtr,p for interaction of TCPs with h and p beads. They interact with two walls
through the L-J 9-3 potential with parameters εtr,wh and εtr,wp for h and p walls
respectively. We choose them to interact more favourably with the p-beads and
the p-wall than the h-beads and the h-wall respectively so that εtr,wp > εtr,wh. We
further take force over a TCP, F (z) = F0(1 − z/zP ).

We take εhh as unit of energy. The unit of mass is the mass of water of density
1 gm/cm3 in a sphere of diameter 1 µm. The bead diameter (σ =1 µm)109–112 is
the unit of length. We fix dimensionless εpp = 0.33(1/3 of εhh) while the cross
interaction between h and p monomers is taken to follow the Berthelot mixing
rule. We fix dimensionless wall particle interactions, εh,wh = 1.0, εp,wh = 0.033,
εp,wp = 0.33 and εh,wp = 0.033. For these choices of interaction parameters,
the polymeric network is uniformly spread throughout gap between two walls
as shown in Fig. 4.2(a). The dimensionless L-J energy parameters for TCPs:
εtr,tr = 1.0, εtr,wh = 0.033, εtr,wp = 1.0. Mass of the polymeric bead particles is
taken to be that for water droplet of diameter σ. Similarly, mass of the tracer
particles is that for a water droplet of diameter σtr. We vary several parameters:
ε̄ = εtr,p/εtr,h, the network rigidity k and the confining length zP . We perform
simulations for various reduced temperature T ∗ = kBT

εhh
.

4.3 Simulation details

The particle dynamics are computed via the under-damped Langevin(see details
in Appendix A1, chapter 2) equation of motion of the ith particle with mass
mi at position ~ri(t) at time t:

mα
i

d2~ri
α

dt2
= −ζi

d~ri
α

dt
−∇

∑
j

V α(~riα − ~rj
α) + ~fαi (t) + ~Fi

α
(4.6)

where α is the particle type. α can be either the polymer beads or the TCP. ζαi
is the friction coefficient. V α is the sum of all the relevant interactions for a
given particle type. For the network beads, we consider bonded and non-bonded
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interactions with other network beads, TCPs and the walls and set ~Fα
i = 0. For

TCPs we consider interaction with other TCPs, network beads, the wall and in
addition the external force, ~Fi. The components of ~fαi (t) are the Gaussian white
noise with zero mean and variance, 6ζαi kBTδ(t

′ − t′′), where kB is the Boltzmann
constant, and T the temperature. Here ζαi = mα

i γ, where γ is the damping term
due to friction of the network.

We perform simulation using the LAMMPS package.125 Using the values
of mass m, σ and εhh, we estimate a time scale, τ(=

√
mσ2

εhh
) ∼ 0.35 millisecond.

The time step for integration is taken 0.001τ . Damping term is taken as 1
γ

= 10τ .
All the quantities are averaged over five different independent trajectories each
6500τ long. We take Lx = 30σ and Ly = 20σ, in x- and y- directions respectively
with the periodic boundary conditions (PBC) and no PBC in z-direction.

We create an interpenetrating polymer network confined by h and p-wall
at first. The network consists of 27 identical polymeric strands, each having
randomly distributed 50 monomers in a number ratio h:p. Packing fraction of
total polymeric beads in our model η = π

6
N
V
σ3 = 0.21. It denotes almost 80%

is voids in the system, which is reasonable as real situation.109 Then we insert
TCPs through Grand Canonical Monte Carlo(GCMC) at a chemical potential
and temperature corresponding to packing fraction (0.47) in bulk liquid phase
near the h-wall(see details in Appendix A). We exert external force on TCPs and
study their motion through the network medium from h-wall to p-wall. For
σtr = 1µm, < Ntr >= 600, F0 = 1 creates pressure drop ∼ 1 Pa across the walls
which is comparable to the experimental value49 under a normal breath-ability
condition. We restrict to the range, F0 = 1 − 10.

The network structure is characterised by computing the inter-strand corre-
lation function among the beads belonging to different strands, C(r). This is
calculated from the number of beads, belonging to two different strands, within
a separation r to r + dr, normalized by the corresponding shell volume and
averaged over configurations. C(r) gives information on how the bead in a
given strand is surrounded by beads of the other strands and hence, the peak
height in C(r) at r=1 gives an estimate how the chains are linked among each
other. While calculating distance between two beads, we do not include periodic
boundary condition in the confining z-direction. Permeability P (%) at the p-wall
is obtained by numerically integrating the density profile under the peak close
to zP and efficiency, e(%) = 100 − P .

We calculate stress tensor per particle for different time step from LAMMPS
software package. Stress tensor is defined for ith particle as following: Sxy,i =
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4. Motion of fluid droplets driven through a face mask 55

Figure 4.1: A model diagram of Polymeric network confined in asymmetric h(black) and
p(grey) wall. Polymer consists of two beads: h-beads are shown in solid black circle
and p-beads are shown in solid grey circle. h-beads prefer h-wall and p-beads prefer
p-wall. Tracers particles (open black circle with hatch) are added close to h-wall. Tracers
prefer p-beads and p-wall. Force on each tracer particle (mimic breathing) is added from
h-wall to p-wall. Force are represented by black arrows from h-wall to p-wall. Force is
maximum at z = 0 and zero at z = zP . (The y-axis not shown is pointing into the page).

−miVx,ivy,i − Wxy,i(i). mi is the mass of the particles. vx,i is the velocity of x
direction. The virial contribution of the i-th particle from all possible interactions,
Wxy,i = 1

2
∑j=NP
j=1 (rx,iFy,i + rx,jFy,j) + 1

2
∑j=Nb
j=1 (rx,iFy,i + rx,jFy,j). The first term is

a pairwise energy contribution where j loops over the NP neighbors of atom
i, rx,i and rx,j are the x component of positions of the 2 atom pair i and j. Fy,i
and Fy,j are the y component forces on the 2 atoms i and j resulting from the
pairwise interaction. The second term is a bond contribution of similar form
for the Nb bonds which atom i is part of. Bonded interactions over only for the
network polymeric bead particles. The formula for total pressure Psys of a system
in three dimension is Psys = − 1

3V
∑
i(Sxx,i + Syy,i + Szz,i). V is the volume of

the region. Summation is over all particles in the region. Pressure can also be
calculated along a particular direction for a group of particles. Here we calculate
pressure along confinement direction z, Pzz of network beads only. We sum (zz)
component of the stress tensor of network beads belonging to a strip of width δz
along confinement direction(z-direction) and divide the number by the volume
of the strip. We take average over steady state configurations.

4.4 Results

We make an interpenetrating polymer network using the Langevin dynamics
simulations as given in Eq. 4.6 between the asymmetric walls. An equilibrium
snapshot of the interpenetrating polymer with h:p =50:50(25 p-beads and 25
h-beads), k = 50, and zP = 5.5 is shown in Fig. 4.2(a). The C(r) data in Fig.
4.2(b) shows a sharp first peak at r=1. This confirms that the monomers among
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different polymeric chains stay close to each other which is signature of an
interpenetrating network.

We insert TCPs above the h-wall via the GCMC at a chemical potential and
temperature (see the Appendix A) corresponding to the packing fraction (0.47)
in bulk liquid phase. We set ε̄ = 3.3 while keeping the other parameters same
as in the interpenetrating polymer. Fig. 4.2(c) shows the tracer density profile
ρtr(z). We observe distinct peaks along z direction, the strongest near h-wall.
The peak near h-wall denotes particles stopped due to geometrical effect. We
numerically integrate this peak Nh and divide by total number of TCPs Ntot. We
plot Q = 100(1− Nh

Ntot
) with σtr in Fig. 4.2(c)(inset). This quantity goes to zero if no

tracer can permeate into the network. The corresponding TCP diameter estimates
the mean pore size of the network. The data shows that Q linearly falls with σtr.
The linear extrapolation of this quantity to zero gives an estimate of mean pore
size of the network(∼ 2). Then we apply driving force along +z direction on TCPs.

4.4.1 Permeation of tracer colloidal particles in steady state condition

We show in Fig. 4.2(d) that change in P with time for σtr = 1.5 for different F0. All
curves saturate at large times that ensures the steady state. We define saturation
time ts from Fig. 4.2(d) when P reaches 50% of the saturation value. In Fig. 4.2(e)
we show ts (for σtr = 1.5) decreases with F0 with a power law dependence with
an exponent -0.36. The ts increases linearly with σtr for F0 = 1.0, shown in Fig.
4.2(f). Converting to physical units we find that for σtr = 1.5, ts ≈ 0.6 sec. This
compares well to normal healthy human breathing time.

In order to understand the nature of permeation process, we explore the
temperature dependence of P . We consider the saturated value of P for a given
condition. The lnP versus 1/T ∗ plot for σtr = 1.5 and different F0 in Fig. 4.3(a)
show linear fall, suggesting an activated Arrhenius process.54 The slope of the
linear dependence gives the activation barrier FB. We show similar data for
σtr = 1.2 for F0 = 1.0 in Fig. 4.3(a). Here the line is almost flat, denoting that the
TCPs of this size experience almost no barrier. The barrier is sensitive to F0 as
well. We show in Fig. 4.3(b) that FB varies linearly with F0 for σtr = 1.5.

Next we consider the microscopic origin of FB. We compute the potential
energy profile along the z direction per tracer particle, averaged over steady
state configurations. VH(z) is the potential energy profile for interaction of the
TCPs with the h-beads, VP (z) that with p-beads and the total potential energy,
V (z) = VH(z) + VP (z). We show in Fig. 4.3(c) VH(z), VP (z) and V (z) versus z for
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4. Motion of fluid droplets driven through a face mask 57

Figure 4.2: (a) A configuration of Polymeric network confined in asymmetric h and p
wall. h-beads are shown in red and p-beads are shown in green. Here parameters are
taken: T ∗ = 1.0, h:p=50:50, εhh = 1.0, εpp = 0.33, εh,wh = 1.0, εp,wh = 0.033, εp,wp = 0.33,
εh,wp = 0.033, k = 50, zP = 5.5. (b) Plot of inter-strand correlation function of beads
belonging to two different polymeric strands C(r) over r for T ∗ = 1.0, h:p-50:50(black)
with εhh = 1.0, εpp = 0.33, εh,wh = 1.0, εp,wh = 0.033, εp,wp = 0.33, εh,wp = 0.033, k = 50,
zP = 5.5.(c) Tracer density profile ρtr(z) versus z plot for T ∗ = 1.0, σtr = 1.5 with F0 = 0,
h:p=50:50, ε̄ = 3.3, k = 50, zP = 5.5. Inset: Q versus σtr plot with T ∗ = 1.0, F0 = 0,
h:p=50:50, ε̄ = 3.3, k = 50, zP = 5.5. The solid line is the best fit. (d) P (t) versus t plot for
F0 = 1(black continuous line), F0 = 2(grey continuous line), F0 = 5(black dotted line).
(e) ts versus F0 log-log plot with σtr = 1.5. The solid line slope -0.36 represents best fit.
(f) ts versus σtr plot (solid circles) with F0 = 1.0. The solid line represents the best fit.
The other parameters in panel (d)-(f) are the same as in (c).

σtr = 1.2 with F0 = 1.0(main panel) and σtr = 1.5(inset). We find that both VH(z)
and VP (z) are almost flat, but VP (z) is deeper than VH(z) and V (z) ≈ VP (z). Thus,
VP (z) is primarily responsible for the energy barrier. A larger TCP experiences
more p-beads in course of its motion to experience a deeper energy landscape
than smaller TCPs which we observe in Fig. 4.3(d) for σtr = 1.5 for the same
F0. The minima of VP (z) close to h-wall matches well with the FB value for
σtr = 1.5 for F0 = 1 in Fig. 4.3(b).

We show various factors affecting VP (z):
(1) We plot VP (z) versus z for different ε̄ with F0 = 1.0 and σtr = 1.5 in
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58 4.4. Results

Figure 4.3: (a) lnP versus 1
T ∗ plot for σtr = 1.5 with h:p=50:50, ε̄ = 3.3, k = 50, zP = 5.5

for F0 = 1(open circle), F = 5(close circle), F = 10(close square) and for σtr = 1.2
with F0 = 1(open triangle). The best fitted lines are also shown. (b) FB versus F0 with
h:p=50:50, ε̄ = 3.3, k = 50, zP = 5.5 σtr = 1.5(close circle) along with the fitted lines (c)
Potential energy profile over z for T ∗ = 1.0, σtr = 1.2 with h:p=50:50, ε̄ = 3.3, k = 50,
zP = 5.5, F0 = 1: VH (grey dotted line), VP (z) (grey continuous line), V (z) (black dashed
line). Inset: similar data for σtr = 1.5. (d) Potential Energy profile VP (z) for σtr = 1.2
(grey line) and σtr = 1.5(black line) with other parameter same as (c).

Fig. 4.4(a). We find the minimum of the energy of the profile gets deeper at
ε̄ = 5 than that at ε̄ = 3.3. For even lower ε̄(= 2.0), VP (z) is almost flat profile
showing no barrier. The large tracer and p-bead interaction tends to localize
the TCPs with the space of the network.

(2) The localization tendency is opposed by the driving force. The external
force helps the TCPs to overcome the p-bead interaction energy. We illustrate
the energy profile in presence of external drive in Fig. 4.4(b). We fix σtr = 1.5
and ε̄ = 3.3 and vary F0. A deeper minimum is observed in VP (z) close to the
p-wall at a higher F0(= 10.0) compared to a lower F0(= 1.0). This shift helps
the TCPs to move closer to the p-wall, increasing P .

(3) Tracer particle localization within the mask can also be achieved by chang-
ing the network rigidity k. We show energy profile VP (z) for two different k in Fig.
4.4(c). We observe minimum of profile gets deeper for higher k(= 500) compared
to lower k(= 50), suggesting more localisation of particles inside the network.

(4) We also plot energy profile VP (z/zP ) versus z/zP for two different confine-
ment lengths keeping monomer density the same as in Fig. 4.4(d). We divide z
with confinement length zP to ensure the range (0,1) for both cases. We observe
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4. Motion of fluid droplets driven through a face mask 59

Figure 4.4: (a) VP (z) versus z plot with T ∗ = 1.0 for k = 50, zp = 5.5, F0 = 1.0 for
ε̄ = 3.3(black line); ε̄ = 2 (grey dotted line) and ε̄ = 5 (black dashed line). (b) VP (z) versus
z plot with T ∗ = 1.0 for ε̄ = 3.3, k = 50, zp = 5.5 for F0 = 1.0(black line); F0 = 10.0(grey
line). (c) VP (z) versus z plot of σtr = 1.5 with T ∗ = 1.0, h:p=50:50, F0 = 1, ε̄ = 3.3,
zP = 5.5 k = 50(black), k = 500(dotted grey). (d) VP (z/zP ) versus z/zP plot of σtr = 1.5
with k = 50 for zP = 5.5 (black), zP = 16.5 (dotted grey). Other parameters are same as
panel (a).

that for large zP (= 16.5), deeper minima are observed close to the p-wall with a
relatively flat profile elsewhere compared to lower zP (= 5.5). So, particles easily
pass through the network in less confined system.

4.4.2 Mask efficiency

Next we illustrate how the mask efficiency e can be tuned by the network
properties. Mask efficiency is defined by e(%) = 100 − P (%). Lower the value
of P is, lower is the number of tracer particles penetrating into the region close
to the p-wall, meaning better efficiency of the FM to intercept the TCPs. We fix
the temperature at the room temperature (T ∗ = 1.0), make sure of the breath-
ability condition (F0 = 1.0) and consider the droplet size in the micrometer range
(σtr = 1.5). We observe changes in e varying ε̄ for different composition, namely,
h:p ratio. We show e versus p plot for both low and large ε̄ in Fig. 4.5(a). For
low ε̄ (=0.5) e decreases linearly with p. For larger ε̄ (=5.0) e higher than that with
lower ε̄ for all h. Moreover, e has a maximum for this ε̄ at p = 50%.

In order to understand the composition dependence, we note that there are
competitive aspects. We show the first peak height of the inter-strand correlation
function, Cmax as a function of p in Fig. 4.5(b) which clearly shows a linear fall of
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Cmax with p. Note that increase in p means decrease in h. Since the h beads ensure
the inter-strand connectivity in the network, the connectivity decreases with
increasing p. This allows the TCPs to permeate through the network more easily.
The fall in e for low ε̄ (=0.5) follows this trend particularly for large p. On the other
hand, larger ε̄ creates a larger barrier to the TCP movement as observed in Fig.
4.4(a). These two opposing tendencies control the composition dependence of e.
For larger ε̄ (=5.0), the competing effects results in the maximum at certain p value.

Figure 4.5: (a) e versus p plots of σtr = 1.5 with T ∗ = 1.0, k = 50,zP = 5.5,F0 = 1, for
ε̄ = 0.5(open circle). The black line is guide to the eyes; ε̄ = 5.0(black square). The dotted
line is guide to the eyes. (b) Cmax versus p plots with T ∗ = 1.0, εhh = 1.0, εpp = 0.33,
εh,wh = 1.0, εp,wh = 0.033, εp,wp = 0.33, εh,wp = 0.033, k = 50, zP = 5.5. (c) e versus
k plot (solid circles) for σtr = 1.5 with T ∗ = 1.0, h:p=50:50, F0 = 1, ε̄ = 3.3, zP = 5.5.
Solid line represents the best fit and dotted line is a guide to the eyes). Inset: pair
correlation function of beads belonging to two different polymeric strands C(r) versus r
for k = 50(dotted black) and k = 500(grey). Other parameters are T ∗ = 1.0, h:p-50:50,
εhh = 1.0, εpp = 0.33, εh,wh = 1.0, εp,wh = 0.033, εp,wp = 0.33, εh,wp = 0.033, zP = 5.5. (d)
Pzz(z) versus z plots for k = 50(black) and k = 500(grey). Other parameters are as same
as panel (c).

We also examine how the rigidity and confinement length zP affect e. We
plot e with k in Fig. 4.5(c). We observe linear increase in e with k and saturation
for large k. Unlike the case of Fig. 4.5(b) there is no such significant change in
the interpenetration property of the network for different rigidities as shown
by C(r) for different k values in the inset of Fig. 4.5(c). We further compute
the normal (zz) component of the pressure tensor of the network beads as a
function of z. The normal pressure profile Pzz(z) in Fig. 4.5(d) shows peaks
close to both walls. The peak of Pzz(z) close to p-wall increases with rigidity.
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4. Motion of fluid droplets driven through a face mask 61

Thus, the network resists more particles from passing through it towards p-wall
with increasing k resulting in enhanced efficiency. This is consistent with deeper
VP (z) in Fig. 4.4(c) observed for large k. In other words, a large k allows a better
interaction of the network with the TCP.

In order to examine how the thickness of the network region affects e, we
increase zP keeping the monomer density fixed. We plot e with zP in Fig. 4.6(a).
We find as zP increases as e decreases linearly and eventually gets saturation
beyond zP = 16.5. Inter-strand correlation functionC(r) for different confinement
length is shown in Fig. 4.6(b). It shows the first peak height of C(r) decreases
with increasing zP . The peak is lowest for the bulk limit. We describe the bulk
case as an interpenetrating network without confinement. To prepare a bulk
network, we remove the walls and use the periodic boundary condition in each
direction. Fig. 4.6(c) shows that Cmax linearly drops with zP up to zP = 16.5 after
which the bulk limit sets in. Thus, the system gets less confined, the network
structure gets loose. A loose network provides a flat VP (z), shown in Fig. 4.4(d),
and better mobilities of the TCPs and hence, poorer e.

Figure 4.6: (a) e versus zP plot (solid circles) for T ∗ = 1.0, σtr = 1.5 with F0 = 1,
h:p=50:50, ε̄ = 3.3, k = 50. (b) Plot of C(r) versus r for zP = 7.5(black) , zP = 10.5(green),
zP = 26.0 (blue), bulk(red) with T ∗ = 1.0, h:p=50:50, k = 50,zP = 5.5. first peak of C(r)
decreases with increasing zP and merge with bulk case. The other parameters for all
case is εhh = 1.0, εpp = 0.33, εh,wh = 1.0, εp,wh = 0.033, εp,wp = 0.33, εh,wp = 0.033. (c)
Cmax versus zP (solid circles). Parameters are T ∗ = 1.0, h:p-50:50, εhh = 1.0, εpp = 0.33,
εh,wh = 1.0, εp,wh = 0.033, εp,wp = 0.33, εh,wp = 0.033, k = 50. (d) P versus F0 plot(solid
circles) for the reverse case with T ∗ = 1.0, h:p=50:50, ε̄ = 3.3, k = 200, zP = 5.5. Solid
line represents the best fits.

So far we have calculated tracer permeation during inhalation cycle. Now

61



62 4.5. Conclusions

we consider exhalation with FM on. Using parameters for e ∼ 95% (ε̄ = 3.3,
F0 = 1.0, T ∗ = 1.0, k = 200, and zP = 5.5) we put TCPs with σtr = 1.5 close to
p-wall as done previously. We apply driving force from p-wall to h-wall. We
find in Fig 4.6(d) that the P at h-wall increases linearly with F0. Thus, TCPs
are efficiently drained away.

Our results suggest that large efficiency can be achieved by a deeper VP (z)
profile. For instance, >90% efficiency in intercepting tracer micro droplets under
normal breath-ability condition at room temperature can be achieved under the
following conditions: (1) Composition of h:p=50:50 so that the number of p-beads
is sufficient in number to interact with the TCPs, keeping the network structure
sufficiently robust. (2) ε̄ > 3 to allow large interaction of the p-beads with the
TCPs. (3) Fairly rigid network (k ≥ 200); and (4) zP ∼ few microns so that the
network remains sufficiently strong to resist the TCP penetration.

4.4.3 Efficiency Diagram

We also calculate an efficiency diagram of σtr = 1.5 in plane ε̄ and h:p ratio of
polymer chains(Fig. 4.7). We fix the other parameters k = 200, zP = 5.5. We
observe for every h:p ratio, a crossover from e < 90% to e > 90% occurs with
increasing ε̄. The cross-over point is different for different h:p ratio. It is found
that cross-over happens at large ε̄ for extreme points along h:p axis. The cross-over
happens comparatively at small ε̄ around h:p=50:50. Efficiency diagram suggests
possible composition of FM and relative interaction of tracer-p bead interaction
to achieve efficiency of FM e > 90%. It may be helpful in designing better FM.

4.5 Conclusions

To summarize, we study the permeation of TCPs within a network of polymers
in presence of a driving force, using Langevin dynamics simulations. The
parameters in our studies are chosen so as to ensure breath-ability conditions in
an FM. We find that the droplet permeation through the network is an activated
process. The activation barrier increases with (1) increasing tracer size, (2)
decreasing driving force and (3) increasing network-tracer interactions. The
barrier height is mainly determined by the magnitude of the more favourable
interaction experienced by the TCP in the network. For a given tracer size, driving
force and temperature, the efficiency of the mask depends on: (1) h:p ratio, (2)
increasing interaction strength of tracer and p-beads, (3) increasing the rigidity
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4. Motion of fluid droplets driven through a face mask 63

Figure 4.7: Efficiency diagram of e in ε̄ - h : p plane. Dark shaded region represent
e > 90%. Light shaded region represent e < 90%.

and (4) decreasing the thickness of the network. Our model is sufficiently robust
to be helpful in designing mask with better efficiency while retaining normal
breath-ability conditions. We do not include the electrostatic interaction in our
model. However, it may be interesting to take charge bead of FM network to
observe long range electrostatic effect in efficiency of FM in future. It may be
also worth to take into account the shape of size change of micro-droplets to
observe more realistic transport inside FM in future.
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Appendix

A. Insertion of tracer colloidal particles

We insert the tracer colloidal particles(TCPs) as per the following steps:
1) We calculate chemical potential of TCP corresponding to the packing

fraction (0.47) in the bulk liquid phase in a cubic box. Chemical potential is
calculated through Widom’s test particle insertion method for different size of
TCPs and different temperatures.

2) We generate TCP of a particular size σtr through Grand canonical Monte
Carlo (GCMC) at a temperature T ∗ using measured chemical potential. We use
box dimensions Lx = 30, Ly = 20 and Lz = σtr to create a monolayer of TCPs.
We use periodic boundary condition in x and y directions and allow particle
motion in these directions. We perform GCMC using LAMMPS package. We
run for 200000 steps for equilibration. GCMC is performed after each 10 steps
with 100 average number of GCMC exchanges.

3) We place equilibrated polymer network and p-wall above the TCPs and
the h-wall combination. The overlaps between network beads and TCP close
to h-wall are removed through minimization algorithm in the LAMMPS and
subsequently carry out the Langevin dynamics simulations.

σtr η T ∗ µ
1.2 0.47 0.8 -3.39
1.2 0.47 0.9 -2.69
1.2 0.47 1.0 -1.94
1.2 0.47 1.1 -0.76
1.2 0.47 1.2 -0.23
1.5 0.47 0.8 -3.49
1.5 0.47 0.9 -3.07
1.5 0.47 1.0 -2.12
1.5 0.47 1.1 -1.51
1.5 0.47 1.2 -0.98
1.7 0.47 0.8 -4.31
1.7 0.47 0.9 -3.48
1.7 0.47 1.0 -2.7
1.7 0.47 1.1 -1.92
1.7 0.47 1.2 -1.43

Table 4.1: Chemical potential value for different σtr and temperature T ∗.
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5
Reverse Osmosis of binary
mixture through polymeric
membrane

5.1 Introduction

In the previous chapter, we observe that tracer permeation can be controlled
by changing different properties of polymeric network. Here we discuss

another important case, namely, how reverse osmosis can be controlled. Osmosis
is a physical process where a solvent flow across a semipermeable membrane
from a region of lower to higher solute concentration55 in the solution. It is the
basis of the transport of ions across cell membranes, the regulation of blood
salt levels by the kidneys, water uptake by plants, technologies for kidney
dialysis126 and many more. Reverse osmosis(RO) is a method where pressure is
applied to overcome the natural osmotic pressure and enable solvent flow from
higher to lower solution concentration in steady state conditions. RO technique
is one of the most advanced ways to extract solvents from mixtures, widely
used in industries like water treatment,56, 57 biofuels,127 petrochemical,128 and
pharmaceuticals processes.129 RO is important in industry and households for
purification of water. Similarly, RO for separation of smaller molecular size solute
from organic solvents have also developed in recent times.61

Thin Film Composite (TFC) is widely used as RO membrane prepared through
interfacial polymerization(IP) process.130 IP is a diffusion-controlled process
where trimesoyl chloride in organic phase comes into contact with diamine in
aqueous(polar) solvent. The reaction occurs only at the interface as the trimesoyl
chloride can’t diffuse into the aqueous phase.59 As the polymerization process
only occurs at the interface, the process is called interfacial polymerization.
The prepared entangled polymer is attached to polysulfone support for the
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mechanical strength of the TFC membrane. Typical thickness of polyamide layer
is around 10− 100 nm.131 Simulation studies132 capture the IP process through
coarse-grain model and reproduce experimental results.133

TFC RO Membrane can be thought of as polymer matrix.59 The performance of
membrane is directed by thickness, pore size distribution, roughness, hydrophilic-
ity, chemical properties59 etc. These properties can be tuned by various ways
tuning membrane matrix during preparation for better performance. Experiment
shows improving hydrophilicity by introducing different chemical improve water
permeation and salt rejection.134 Studies also suggest that tuning TFC membrane
using nanoparticles135 as additives for better permeability. Incorporation ions like
copper Cu++60 in membrane matrix show better pesticide removal from water
and also better antibacterial properties. Performance in permeation increases
introducing polypyrrole layer in TFC membrane.136 Nonpolar mixtures are also
separated using hydrophobic rich TFC membrane.61, 137 Selective separation
in both organic and polar solvents are recently developed using trianglamine
macrocycle as a monomer for cross-linked membranes through IP process.138

Both osmosis and reverse osmosis are governed by transport properties of
fluid through RO membrane. Permeation or solvent recovery (P ) is estimated as
how much solvent is transported from one side of membrane to other side due to
applied pressure overcoming osmotic pressure. The goal is to increase permeation
as much as possible. Different permeation of solvent is observed in different
solutions.139 The other important point is to reject solute out of the solution
allowing only solvent to permeate through the membrane. It is given by rejection
rate (R) of the membrane. Studies have been carried out using full atomistic
simulation using non-equilibrium molecular dynamics(NEMD).3, 139 Free energy
profiles of water and ions are also studied inside thin films using metadynamics
to estimate barrier for permeation and rejection process.140 Another important
criteria of membrane is fouling (F ). It is the measure of amount of solute
accumulated inside the membrane during permeation. This degrades the future
performance of membrane. Studies show anti-fouling properties by incorporation
graphene oxide (GO) sheets in the polyamide layer.141

The microscopic understanding of importance of different factors which
control permeation, rejection and fouling is yet far from understood. Here, we in-
vestigate these factors in a model study. Instead of fully atomistic simulation, we
perform coarse-grained modelling to figure out the key components controlling
the transport through the membrane. The model RO membrane(M) is prepared
using several identical polymeric strands with two different types of beads of
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5. Reverse Osmosis of binary mixture through polymeric membrane 67

nano meter size. One beads(h-beads) mutually interacts more strongly com-
pared to the other class of beads(p-bead). The h-beads mimic the hydrophobic
species while the p-beads mimic the hydrophilic species. The network is under
asymmetric confinement, consisting of walls, each of which is having favourable
interaction with a given type of bead. This mimics interface where the membrane
is stabilized. After preparing RO membrane as a polymeric network we remove
wall on two sides and attach two reservoirs containing Lennard Jones(LJ) solvent
particles on two sides to solvate the membrane along z and the z-motion of
the membrane beads set to zero to mimic the rigid support. A schematic of
the model is shown in Fig. 5.1. Next we replace the left reservoir(LR)(z = 0
to z = zA) with binary mixture of LJ particles where a few solute particles are
added and the same number solvent particles are removed so that the number
density of particles in both the reservoirs remain the same. The solute particles
are larger than the solvent particles but smaller than the mean pore size so that
transport through the membrane is possible for both but more favourable for
the solvent. The right reservoir(RR)(z = zB to z = zC) remains the same as that
during solvation. Two reflecting walls are attached in two extreme end of the
reservoirs along z-direction. The partial volume fraction of solvent at the LR
is lower than right reservoir which creates an osmotic pressure from right to
left. Now we add external force F (z) from left to right along z to overcome the
osmotic pressure and observe the motion of both solvent and solute. Force is
taken maximum at z = 0 and falls linearly to zero at z = zA.

We study the system using molecular dynamics simulation. Our aim is to
reduce the transport of solute particles across the membrane as much as possible
without impeding the solvent motion by tuning different interactions in the
system. The forces are due to interaction and external drive only on the solvents
and the solutes in LR. The temperature of the system is maintained using Nose-
Hover thermostat. The volume fraction of polymeric beads(∼ 25%) is as low
as solvents(∼ 23%). The solutes volume fraction is low as well(∼ 0.04%). The
increase in solvent density in steady state in RR with respect to the initial solvent
density is measured as solvent recovery P . We also observe change in solute
density in right reservoir with respect to the initial solute density at left reservoir,
denoted as rejection rate R. Finally, we measure fouling of RO membrane F , as
the volume fraction of solute stuck inside the RO membrane at steady state.

We fix size ratio of solute and solvent, driving force, ambient temperature
and vary the relative interactions. We take different energy parameters in LJ
potential: the bead bead interaction (εα,β), bead wall interaction (εα,wh and εα,wp),
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solvent-solvent interaction (εS,S), solute-solute interaction (εL,L), solvent-solute
interaction (εS,L), solvent-bead interaction (εS,α), solute-bead interaction (εL,α). We
define relative interaction of solute with h,p beads ε̄L = εL,h

εL,p
, relative interaction

of solvent with h,p beads ε̄S = εS,h
εS,p

and vary ε̄L, ε̄S . We find that with increasing ε̄L,
rejection rate R and solvent recovery P improves but the fouling F also increases.
To reduce F while maintaining R and P , we need to increase ε̄S sufficiently.

5.2 Model potential and simulation details

The RO membrane consists of several identical polymeric strands. Each polymeric
strand is composed of two kinds of beads of the same diameter σ and mass m
in a given h:p=(50:50) ratio, randomly distributed over the strand. The non-
bonded interaction between two monomers i and j with separation rij is taken
through the LJ 12-6 potential:

Vα,β(rij) =

4εα,β[( σ
rij

)12 − ( σ
rij

)6], if rij < 2.5σ

0, otherwise

Here α(= h, p) and β(= h, p) stand for the bead types and rij is separation
between two beads. εh,h is the interaction between h-h beads. εp,p is the interaction
between p-p beads. εh,p is taken through Berthelot rule. σ is different for all
different species. The bonded interaction corresponding to stretching between
two neighbouring beads at separation rij :

Vbond(rij) = 1
2kb(rij − r0)2 (5.1)

where r0 = 1.5σ is the equilibrium distance between monomers and kb the force
constant. The change in bond angle also costs energy given by:

Vangle(θ) = 1
2kθ(θ − θ0)2 (5.2)

where kθ the force constant and θ = cos−1( ~rij ·~rjk
|~rij ||~rjk|

) is the angle produced by three
consecutive monomers i,j,k and θ0 is equilibrium angle, set to 114 degrees.124 We
consider a rigid network where the elastic deformation of any kind costs a lot
of energy and ignore the distinction between these two elastic constants. Thus,
we take kb = kθ = k = 100 to reduce the number of variables.

The h-wall interacts with a bead via the LJ 9-3 potential:
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Vα,wh(zi) = εα,wh[
2
15( σ

zi
)9 − ( σ

zi
)3] (5.3)

Similarly, p-wall interacts with a bead :

Vα,wp(zi) = εα,wp[
2
15( σ

zP − zi
)9 − ( σ

zP − zi
)3] (5.4)

Here α = (h, p) stands for the bead type and zi is the z-coordinate of i-th particle.
The σ values for all the interactions are taken to be the same but εh,wh > εp,wh

and εp,wp > εh,wp.
The solvent particles S interact with each other with strength εS,S . εS,h and

εS,p are interactions of S with h and p beads respectively. The solute L particles
interact with each other with strength εL,L. εL,h and εL,p are interactions of L with
h and p beads respectively. εS,L follows Berthelot rule. We further take external
force over S and L in LR as F (z) = F0(1 − z/zA).

We take εh,h as unit of energy. The unit of length is diameter of S particles
σS = 0.5 nm. The unit of mass is the mass of water of density 1 gm/cm3 in a
sphere of diameter 0.5 nm. The polymeric bead diameter is taken (σb = 2σS =1
nm). The solute particle diameter is taken σL = 1.8σS . The diameters of all
different particles are given in Table 5.1. The other energy interaction parameters
are given in Table 5.2. For cross interaction diameters follow Berthelot rule. When
preparing RO membrane, we use interaction of the wall with h and p-beads.
For these choices of bead-bead interaction parameters, the polymeric network
is uniformly spread throughout the gap between two walls. The unit mass is
taken to be that for water droplet of diameter 0.5 nm. The masses of all different
particles are given in Table 5.3. We vary: ε̄S = εS,h/εS,p and ε̄L = εL,h/εL,p at
reduced temperature T ∗ = kBT

εh,h
= 1.

Diameter
of
different
particles

dimensionless
value

σS 1.0
σL 1.8
σh 2.0
σp 2.0

Table 5.1: Diameter of particles

We perform simulation using the LAMMPS package125 using Nose-Hover
thermostat. Using the values of mass m, σS and εhh, we estimate a time scale,
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Nature of
interac-
tion

dimensionless
variable

dimensionless
value

h,h εh,h 1.0
p,p εp,p 0.33
h,wh εh,wh 1.0
p,wh εp,wh 0.033
p,wp εp,wp 0.33
h,wp εh,wp 0.033
S,S εS,S 1.0
L,L εL,L 1.0

Table 5.2: Table for ε

Mass of
different
particles

dimensionless
value

mS 1.0
mL 5.832
mh 8.0
mp 8.0

Table 5.3: Mass of particles

τ(=
√

mσ2
S

εhh
) ∼ 11 picoseconds. The time step for integration is taken 0.001τ . All

the quantities are averaged over three different independent trajectories each
600000τ long. We take Lx = 30 and Ly = 20, in x- and y- directions respectively
with the periodic boundary conditions (PBC) and no PBC in z-direction.

First, we generate the interpenetrating polymer in an asymmetric pair of
walls. We create RO membrane(M) using equilibrated interpenetrating polymer
network confined by h and p-wall at first mimicking interfacial polymerization
process in experimental thin film membrane preparation. The network consists
of 9 identical polymeric strands, each having randomly distributed 50 monomers
in a number ratio h:p=(50:50). Packing fraction of total polymeric beads in
our model ηMb = π

6
N
V
σ3
b = 0.26. For different parameter values we solvate the

membrane, removing the wall. Here we restrict the polymeric beads motion
along z-direction but allow them to move in x-y plane. We attach two reservoir
(LR and RR) on both side of the RO membrane consists of solvent(S) particles
to solvate the membrane with S particles without any external force. The z-
distance of both reservoir zLR = zRR = 20. Two reflecting walls are placed at
two extreme ends of two reservoirs. Next we add NLR

L (= 400) L particles in
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the LR removing 400 S particles randomly from the LR so that total number
density of particles (S+L) remain same in the box as RR. The partial volume
fraction at LR, ηLRS,int = 0.26 and ηLRL,int = 0.1. The partial volume fraction at RR
ηRRS,int = 0.27 and ηRRL,int = 0.0. The partial volume fraction at RR ηMS,int = 0.12
and ηML,int = 0.0. The partial volume fraction of S is lower in LR compared to
RR. Then we apply force to overcome osmotic pressure. We use F0 = 1, which
corresponds to 0.05 kJ/mol/Å in physical unit.

We calculate change in packing fraction of S particles ηαS(t) with time, where
α = LR, RR, M corresponds to the Left reservoir, right reservoir and inside
membrane respectively. ηαS(t) = π

6ρ
α
S(t)σ3

S , here ραS(t) is number density of S at
time t in α − th region. Similarly, we calculate packing fraction of L particles
ηαL(t) with time in α− th region. ηαL(t) = π

6ρ
α
L(t)σ3

L, here ραL(t) is number density
of L at time t in α− th region. At large time in steady state we measure packing
fraction of S at RR ηRRS,steady, packing fraction of L at RR ηRRL,steady and packing
fraction of L inside M ηML,steady. We define solvent permeation or recovery P =
100(η

RR
S,steady−η

RR
S,int

ηRRS,int
). Solute rejection rate R is defined as R = 100(1− ηRRL,steady

ηLRL,int
). We

also define F = 100ηML,steady.

Figure 5.1: (a) Schematic diagram of RO process. M is the RO membrane in the middle
solvated with S(grey) particles. LR is left reservoir containing S(grey) and L(black)
particles. RR is the right reservoir containing S particles only initially. Two reflecting wall
is attached in two extreme ends. Force is given in LR.

5.3 Results

At first we prepare the RO membrane. We show inter-strand correlation function
C(r) as Chapter 4 to ensure chains are linked to each other. The C(r) data in
Fig. 5.2(a) shows a sharp first peak at r = 2(corresponding to bead diameter
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σb which is two times larger than the unit of length σS). This confirms that the
monomers among different polymeric chains stay close to each other which is a
signature of an interpenetrating network. We show in the previous chapter that
the mean pore size of the membrane is ∼ 4σS(Chapter 4). Then we solvate the
RO membrane attaching two reservoir without applying force. We plot packing
fraction of S ηLRS (t), ηRRS (t) with time in Fig. 5.2(b). After equilibration Membrane
becomes solvated with S particles where(ηLRS = ηRRS = 0.27, ηMS = 0.12). Then,

Figure 5.2: (a) Plot of inter-strand correlation function of beads belonging to two different
polymeric strands C(r) over r. (b) Packing fraction ηαS(t) over time during solvation
without applying force with ε̄S = 1.74. α = RR(grey dotted line), LR(black line) and
M(grey line).

we add 400 L particles in LR removing same number of S to maintain same
number density in LR and RR. Here αL = 1.8σS so that both L and S particles
can permeate through the membrane but it is more favourable for S to permeate
through. The initial packing fraction of S,L in each of the box LR, M, RR before
addition of force : ηLRS,int = 0.26, ηLRL,int = 0.1, ηMS,int = 0.12, ηML,int = 0.0, ηRRS,int = 0.27,
ηRRL,int = 0.0. The partial volume fraction of S becomes lower in LR compared to
RR. We model two types of solution (1) solutions of particles favouring h beads
and (2) solutions of particles favouring p beads.

5.3.1 Case of solutions of particles favouring h beads

We apply force, F0 = 1. We fix ε̄S = 1.74 and ε̄L = 3.48. Fig. 5.3(a-c) ensures
that the system reaches at steady state in all LR, M, RR for both S and L particles
at large time. We observe in Fig. 5.3(a) that the ηLRS (t) decreases in LR with
time from initial packing ηLRS,int till they saturate in steady state. We also observe
ηLRL (t) decreases then saturates. In Fig. 5.3(b) ηMS (t) increases in steady state from
initial value. ηML (t) also slightly increases inside M(Fig. 5.3(b)). In Fig. 5.3(c)
we observe the steady state packing fraction of S in RR (ηRRS,steady) is larger than
the initial value in RR. However, the steady state packing fraction of L ηRRL,steady
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Figure 5.3: (a) Packing fraction ηLRS (t)(black line), ηLRL (t)(grey line) over time with
applying force F0 = 1. The parameters are ε̄S = 1.74, ε̄L = 3.48. (b) Packing fraction
ηMS (t)(black line), ηML (t)(grey line) over time. (c) Plot for ηRRS (t)(black line), ηRRL (t)(grey
line) over time. The other parameters in panel (b-c) are same as panel (a).

Box Steady state
packing fraction

LR ηLRS,steady = 0.13,
ηLRL,steady = 0.05

M ηMS,steady = 0.19,
ηML,steady = 0.02

RR ηRRS,steady = 0.36,
ηRRL,steady = 0.05

Table 5.4: Steady state packing fraction of S,L in different region

increases as well in RR. So, the force helps both S and L to permeate from LR
to RR. We tabulate steady state values in each box LR, M, RR in Table. 5.4. We
find for this case R = 62.46%, P = 32%, F = 2%.

Now our aim is to increase R and P as high as possible while maintaining
F as low as possible. We increase ε̄L = εL,h

εL,p
and fix ε̄S = 1.74. Here we restrict

to ε̄L > 1 as we increase εL,h. We observe R increases with increasing ε̄L in Fig.
5.4(a). We observe from inset of Fig. 5.4(a) that R increases with ε̄L in power
law with exponent 0.4 and finally comes to saturation for large ε̄L. The physical
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reason behind the observation is the following: as ε̄L gets larger, L particles
are favourable to stay inside M. This reduces the number of L inside RR which
reflects in higher R. In Fig. 5.4(b) we observe P increases with increasing ε̄L.
We observe from inset of Fig. 5.4(b) that increasing nature of P with ε̄L follows
power law with exponent 0.23. We observe from Fig. 5.4(c) that F also increases
rapidly with ε̄L. In inset of Fig. 5.4(c) we observe the dependence of F with
ε̄L in logarithmic plot with exponent 1.82.

Figure 5.4: (a)R vs ε̄L plot with ε̄S = 1.74. Black circles are points and the dotted line is
guide to the eyes. Inset: lnR vs ln ε̄L plot with ε̄S = 1.74. Black close circles denote the
increasing portion and open circles are saturated regions. The dashed line is the fitted
line. (b) P vs ε̄L with ε̄S = 1.74. Black circles are points and the dotted line is guide to the
eyes. Inste: lnP over ln ε̄L plot with ε̄S = 1.74. Black close circles denote the increasing
portion. The dashed line is the fitted line. (c) F vs ε̄L with ε̄S = 1.74. Black circles are
points and the dotted line is guide to the eyes. Inset: lnF vs ln ε̄L plot with ε̄S = 1.74.
Black close circles denote the increasing portion and open circles are saturated regions.
The dashed line is the fitted line. (d) F vs ε̄S plot with ε̄L = 8.71. The black circles are
points and the dashed line is guide to the eyes. (e) R vs ε̄S plot with ε̄L = 8.71. The black
circles are points and the dashed line is guide to the eyes. (f) P vs ε̄S plot with ε̄L = 8.71.
The black circles are points and the dashed line is guide to the eyes.

Now our aim is to decrease fouling keeping recovery and rejection at large
level. We choose ε̄L = 8.71 from Fig 5.4(a-c), where R ∼ 90%, P ∼ 40% and
F = 13%. Now we increase ε̄S by increasing εS,h. Here also we restrict to
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ε̄S > 1 as we increase εS,h. In Fig. 5.4(d) we plot F with increasing ε̄S . We
observe F sharply decreases close to zero with increasing ε̄S , beyond ε̄S > 4.
We observe in Fig. 5.4(e) and Fig. 5.4(f) there are minima in both R and P

respectively. The minima is around ε̄S = 4 for R and P . Rejection rate reaches
100% rejection rate for very large ε̄S ≥ ε̄L. The physical reason behind the
observed nature is following: For sufficiently large ε̄S the membrane is highly
solvated. It resists L particles from coming from LR to M and subsequently to
RR. Thus, we observe that both ε̄L and ε̄S need to be large and ε̄S ≥ ε̄L which
mean εS,hεL,p ≥ εS,pεL,h for efficient performance.

5.3.2 Case of solutions of particles favouring p beads

In such cases ε̄S, ε̄L < 1 so that we describe data in terms of ε̄−1
L and ε̄−1

S . Here we
fix ε̄S = 0.57 and vary ε̄L. We observe in Fig. 5.5(a) R increases with increasing
ε̄−1
L . In inset of Fig. 5.5(a) we observe R increases with ε̄−1

L in power law fashion
with exponent 0.34. In Fig. 5.5(b) we observe P increases with increasing ε̄−1

L . In
inset of Fig. 5.5(b) we observe power law increase of P with ε̄−1

L with exponent
0.21. Simultaneously F increases with increasing ε̄−1

L (Fig. 5.5(c)). In inset of Fig.
5.5(c) we observe increase of F is in power-law nature with exponent 1.79. We
choose ε̄L = 0.114, where R ∼ 90%, P ∼ 42% and F = 13%. Now, we vary ε̄S in
the regime ε̄S < 1. We observe in Fig. 5.5(d) that F decreases with increasing
ε̄−1
S . We observe in Fig. 5.5(e) and Fig. 5.5(f) there are minima in both R and P

respectively. The minima is around ε̄S = 0.2 for both cases. Rejection rate reaches
100% rejection rate for lower value of ε̄S ≤ ε̄L or εS,hεL,p ≤ εS,pεL,h.

5.4 Conclusion

Since h-beads interact more strongly than the p-beads, the h-beads can be thought
of as hydrophobic/nonpolar species and p-beads as polar species. It may be
interesting to point out the implication of our model for realistic systems. Here
solution consisting of S and L particles both preferring the h-beads can be
thought of the case as a nonpolar solution. Our model calculation shows that the
interaction of the nonpolar/hydrophobic moieties of the membrane should be
strongly interacting with the solvent and solute particles, while the interaction
with the nonpolar solvent needs to be at least as strong as that of nonpolar solute
satisfying the inequality εS,hεL,p ≥ εS,pεL,h. This could be a guiding principle to
choose appropriate material for the RO membrane given the solution over which
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Figure 5.5: (a) R vs ε̄−1
L with ε̄S = 0.57. Black circles are points and the dotted line is

guide to the eyes. Inset: lnR vs ln ε̄−1
L plot with ε̄S = 0.57. Black close circles denote

the increasing portion and open circles are saturated regions. The dashed line is the
fitted line. (b) P vs ε̄−1

L with ε̄S = 0.57. Black circles are points and the dotted line is
guide to the eyes. Inset: lnP over ln ε̄−1

L plot with ε̄S = 0.57. Black close circles denote
the increasing portion. The dashed line is the fitted line. (c) F vs ε̄−1

L with ε̄S = 0.57.
Black circles are points and the dotted line is guide to the eyes. Inset: lnF vs ln ε̄−1

L plot
with ε̄S = 0.57. Black close circles denote the increasing portion and open circles are
saturated regions. The dashed line is the fitted line. (d) F vs ε̄−1

S plot with ε̄L = 0.114.
The black circles are points and the dashed line is guide to the eyes. (e) R vs ε̄−1

S plot
with ε̄L = 0.114. The black circles are points and the dashed line is guide to the eyes. (f)
P vs ε̄−1

S plot with ε̄L = 0.114. The black circles are points and the dashed line is guide to
the eyes.

the RO operation needs to be performed. On the other hand, solution consisting of
S and L particles both preferring the p-beads can be thought of the case as a polar
solution. The model shows that interaction of polar/hydrophilic moieties of the
membrane should be strongly interacting with solution components. Similarly,
interaction with polar solvent needs to be of similar strength as that of polar
solute satisfying the inequality εS,hεL,p ≤ εS,pεL,h. We arrive at optimal conditions
for different interaction to achieve maximal RO operation.
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